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LAN PROPERTY FOR AN ERGODIC ORNSTEIN-UHLENBECK 
PROCESS WITH POISSON JUMPS 

NGOC KHUE TRAN 


Abstract. In this paper, we consider an ergodic Ornstein-Uhlenbeck process with jumps 
driven by a Brownian motion and a compensated Poisson process, whose drift and diffusion 
coefficients as well as its jump intensity depend on unknown parameters. Considering the 
process discretely observed at high frequency, we derive the local asymptotic normality prop¬ 
erty. To obtain this result, Malliavin calculus and Girsanov’s theorem are applied to write 
the log-likelihood ratio in terms of sums of conditional expectations, for which a central limit 
theorem for triangular arrays can be applied. 


1. Introduction 


On a complete probability space (H, P) which will be specified later on, we consider an 


Ornstein-Uhlenbeck (0-U) process with Poisson jumps in M defined by 

xl'^'^ = XQ-el Xl'^’^ds + aBt + Nt-\t, ( 1 . 1 ) 

Jo 

where xq S M, R = is a Brownian motion, N = {Nt)t>o is a Poisson process with 

intensity A > 0 independent of B, and (A^^)t>o denotes the compensated Poisson process 
:= Nt — Xt. The parameters (0, cr. A) G 0 x S x A are unknown, and 0, S and A are closed 
intervals of where = M+ \ {0}. Let {Xt}t>o denote the natural filtration generated 
by B and N. We denote by P^-'^A probability law induced by the {Rt}t>o-adapted cadlag 
stochastic process and by the expectation with respect to (w.r.t.) Lg^ 

p0,(T,A 

—>• and 


denote the convergence in P^’‘^’^-probability and in P'^’'^’''-law, respectively. 


e,cr,\ 


Since 0 > 0, is ergodic with a unique invariant probability measure Tr 0 ^(^^x{dx). 

Furthermore, TTg^(j^\{dx) can be calculated explicitly (see [T9l Theorem 17.5 and Corollary 
17.9]), and satisfies Jg \x\PTTg^f^^x{dx) < oo, for any p> 0. By Ito’s formula, is given by 

Xf= xoe"®* + a [ e-^J-^UBs + [ (A, - As). (1.2) 

Jo Jo 


In this paper, we are interested in the estimation of the parameters (0, u. A) G 0 x S x A when 
the observation of the process is the discretized path {X^'^'^)o<k<n, where 

is a sequence of time-step sizes. We denote by the probability law of the random vector 
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{^k'A^)o<k<n- Let US now introduce the fundamental concept in parametric estimation called 
the local asymptotic normality (LAN) property which was introduced by Le Cam [H] and 
extended by Jeganathan m to the local asymptotic mixed normality (LAMN) property. In 
our context, we say that the sequence {Pn'^’ }(6»,o-,A)e©xSxA of parametric statistical models 
has the LAN property for the likelihood at {9o, do, Aq) £ 0 x S x A with rate of convergence 
{\/nAn, y/n, y/nAn) and with covariance matrix r( 0 o 5 <7o; Aq) if for any z = {u, v, w) G 


log 


dP 


do + - 


^,o-o+^,Ao + ^= 

n/An Vn/An 


^p0o,<^o,Ao 


\^6o,o-o,Ao n 
-^kAr, )o<k<n 


rCp^o.'^oAo'i 1 

— z*Af (0, r(6'o, do, Ao)) - -^;*r(6'o, do, Ao) 2 :, 


as n ^ oo, where M{0, r(0o, do, Ao)) is a centered M^-valued Gaussian vector with covariance 
matrix r(0o, <to, Ao), and * denotes the transpose. Here, r(0o, ^o, Aq) is called the asymptotic 
Fisher information matrix of the parametric statistical models. 

Recall that one can define the notion of asymptotic efficiency of estimators in terms of 
classical Cramer-Rao lower bound. Another approach to define the asymptotic efficiency of 
the estimators is to study the lower bound for the asymptotic variance of the estimators 
via a convolution theorem. In fact, this problem is closely related to the consequence of 
the LAN property. Precisely, when the LAN property holds at (^OjO'OjAq) with nonsingular 
r(^ 0 ) CTO) Ao), convolution and minimax theorems can be applied (see [8], [H]). Indeed, on 
one hand, the convolution theorem suggests the notion of asymptotically efficient estimators 
in terms of minimal asymptotic variance. That is, a sequence {(^n, An)}neN* of unbiased 
estimators of the parameter {9q, do, Ao) is said to be asymptotically efficient at {9o, do, Aq) in 
the sense of Hajek-Le Cam convolution theorem if as n ^ oo. 


‘Pn (^0, Ao) ( (^n, <Tn, An) (^0,<^0,Ao 


£(pSo.<ToAo) 


AA(O,r(0o,<To,Ao)-'), 


where ifn{9o,cro,Xo) := (Ma,g{y/nAn-, y/n, y/nAn) is the diagonal matrix. Notice that a se¬ 
quence of estimators which is asymptotically efficient in the sense of Hajek-Le Cam convo¬ 
lution theorem achieves asymptotically the Cramer-Rao lower bound r(0o, co, Ao)~^ for the 
estimation variance. On the other hand, the minimax theorem states that r(0o, co, Ao)~^ 
gives the lower bound for the asymptotic variance of any sequence of unbiased estimators. 
This justifies the importance of the LAN property in parametric estimation. 

The question of asymptotic efficiency of estimators for ergodic diffusions with jumps was 
solved e.g. in [161120] . The estimators in [20] are constructed from a contrast function which is 
based on a discretization of the likelihood function associated to the continuous observations 
of an ergodic diffusion with jumps whose unknown parameters appear in the drift and diffusion 
coefficients and in the jump coefficient as well. In m, to estimate the drift parameter of the 
Ornstein-Uhlenbeck processes driven by a Levy process, the estimators are constructed from 
a discretization of the time-continuous maximum likelihood estimators. These estimators are 
asymptotically efficient in the sense of Hajek-Le Cam convolution theorem (see [201 Theorem 
2.1, Remark 2. 2 ], m Theorem 3.5, Remark 3.6]). 

Initiated by Gobet [6|, Malliavin calculus has recently been used to analyze the log- 
likelihood ratio of the discrete observation of diffusion processes (with jumps). Concretely, 
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Gobet 0, m obtained the LAMN and LAN properties respectively for multidimensional el¬ 
liptic diffusions and ergodic diffusions on the basis of discrete observations at high frequency. 
In the presence of jumps, see e.g. Ait-Sahalia and Jacod [T], Kawai m, Clement et al. lam, 
Kohatsu-Higa et al. nans]. It seems that the validity of the LAN property for general sto¬ 
chastic differential equations (SDEs) with jumps whose unknown parameters appear in the 
drift and diffusion coefficients and in the jump component as well, has never been addressed 
in the literature. This is because the behaviour of the transition density, which is not explicit 
in general, changes strongly due to the presence of jumps. In this paper, we focus on the 
study of the global parameter estimation for the 0-U process (11.11) whose unbounded drift and 
diffusion coefficients as well as its jump intensity depend on unknown parameters. Recall that 
in [12], the global parameter estimation is considered for a Levy process with bounded drift 
coefficient. Recently, m has studied a multidimensional SDE with jumps whose unknown 
parameter appears only in the drift coefficient. Kawai m has dealt with an 0-U process 
with jumps whose jump component does not depend on the unknown parameter. 

In physics, the 0-U process describes the velocity of a massive Brownian particle under 
the influence of friction. In mathematical finance, it is widely used to model the evolution of 
interest rates, currency exchange rates (see e.g. mm- The 0-U process has a density which 
is highly tractable, the proof of our result, however, seems to be quite complicated. One of 
the motivations of writing this paper is to present a methodology which can be used to derive 
the LAN property for general SDEs with jumps with global parameters. 

The objective of this paper is to derive the LAN property for based on discrete 

observations. Towards this aim, our result uses the Girsanov’s theorem and the Malliavin 
calculus w.r.t. the Brownian motion to derive an explicit expression for the logarithm deriva¬ 
tives of the transition density. Moreover, when treating the negligible terms, one difficulty 
comes from the fact that the conditional expectations are computed under the probability 
measures p®(^)'°'oAo (qj. p0n,o-(^),An^ p0„,o-o,A(€)^ which come from the application of the 

Malliavin calculus and the Girsanov’s theorem, whereas the convergence is considered under 
p6»o,o-o,Ao ^ p0(f),o-o,Ao ^Qj. ^ -p9n,(T{i),Xn^ Qp ^ p0n,o-o,A(€)^_ 'Pp the exposition, these 

parameters and corresponding measures will be specified in Section [2] and Subsection 14.11 To 
this end, when two corresponding diffusion parameters are the same as uo, the Girsanov’s 
theorem in Lemma 13.21 can be applied to change the measures. When they are different 
{cr{i) 7 ^ fjo), we need to condition on all the possible number of jumps and jump times of the 
Poisson process occurring on each interval in order that the change of measures can 

be done via the transition densities conditioned on the number of jumps and jump times (see 
Lemmas [61110 and 14.8p . As a consequence, the Gaussian type expression for these transi¬ 
tion densities is strongly used. Moreover, our proof uses the large deviation type estimates 
which should be understood in the sense that we study the behaviour of rare events whose 
decreasing rate is exponential and polynomial (see Lemma l6.6p . For this, the key argument 
consists in conditioning on the number of jumps within the conditional expectation and in 
the conditioning random variable, which expresses the transition density conditioned on the 
number of jumps. When these two conditionings relate to different jumps, we may use a 
large deviation principle in the estimate. When they are equal, we use the complementary 
set in order to apply the large deviation principle. Within all these arguments, the Gaussian 
type expression for the transition density conditioned on the jump structure is again strongly 
used. Let us mention here that the exponential decay comes from the fact that the study 
of the asymptotic behaviour of the transition density leads us to study the behaviour of the 
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transition density under the additional condition on the number of jumps which has to be 
compared with another transition density with a different number of jumps. This will be seen 
in the estimate of the terms and ^ in the proof of Lemma [6^ 

This paper is organized as follows. In Section 2, we state our main result in Theorem 
EH Section 3 introduces preliminary results needed for the proof of Theorem 12.11 such 
as Girsanov’s theorem, explicit expressions for the logarithm derivatives of the transition 
density using Malliavin calculus and Girsanov’s theorem, and decompositions of the Skorohod 
integral. We prove our main result in Section 4. Section 5 is devoted to the conclusion 
and discussion of some future work. The proofs of some technical propositions and lemmas 
are presented in Section 6, where some crucial estimates related to the transition density 
conditioned on the jump structure and the large deviation type estimates are derived. 


2. Main result 


For hxed £ 0 x S x A and n > 1, we consider a discrete observation scheme 

at equidistant times = A:A„, k S {0,... ,n} of the process which is denoted by 

X-= (W 3 ,W,,...,WJ, where A, < 1 for all n > 1. We assume that the high-frequency, 
inhnite horizon and decreasing rate conditions hold. That is, A„ —>■ 0, nA„ —oo, and 
nA^ —)• oo as n ^ oo. 


Given the process we denote by p„(-; (0, u. A)) the density of the 

random vector ,..., X^^’^). In particular, Pn{-', (0O) <^0) -^o)) denotes the density 

of the discrete observation X”. For {u, v, w) £ we set 6 n ■= ,an := cro+^, Xn ■= 


Ao + 


W 



The main result of this paper is the following LAN property. 


Theorem 2.1. The LAN property holds for the likelihood at {6Q,aQ, Xq) with rate of conver- 
genee {y/nKf, y/n, y/nKf) and asymptotie Fisher information matrix F(0o, uq, Aq). That is, 
for all z = {u, V, w) G as n ^ oo, 


, Pn (X”'; (0^, (Tn, An)) /;(p®o.°'oAo) 1 

log — , , -r-^ —^ z M (0, F(0o, (TO, Ao)) - -z F(0o, ao, Xo)z, 

Pn[X^;{do,ao,Xo)) 2 


where AA(0, F(0o, (Tq, Ao)) is a eentered M.^-valued Gaussian vector with covariance matrix 


r(0o, cTo, Ao) 


fJ- 

2^0 


CTn 


+ l) 

0 

0 


0 

2 


0 
0 
1 + 


Remark 2.2. Our result can be viewed as an extension of the result obtained by Gobet [7] 
which is only valid for the one-dimensional linear ease with the presenee of jumps. Moreover, 
when the Poisson component is degenerate (X = 0), we recover the asymptotic Fisher infor¬ 
mation matrix of ergodie Ornstein-Uhlenbeck process without jumps (see Gobet [71 Theorem 
4.1];. 


3. Preliminaries 

In this section, we introduce some preliminary results needed for the proof of Theorem l2.ll 
Towards this aim, we consider the canonical filtered probability spaces (II*, X*, {Jy }t>o, P*), 
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i G {1,..., 4}, associated respectively to each of the four processes B, N, W and M, where 
W = {Wt)t>o is a Brownian motion, and M = {Mt)t>o is a Poisson process with intensity A. 
The processes {B, N, W, M) are mutually independent. Let (O, P) be the product 

filtered probability space of these four canonical spaces. We set 14 = x B = B^ ® 

P = pi ® p2^ Bt = Bl ® Tf, O = 143 X ^ j-3 ^ jr4^p ^ p3 ^ p4^ ® 

Then, 14 = 14x14, = P = P(8)P, Ti = J-i(8) Tf, and E = E (8) E, where E, E, E 

denote the expectation w.r.t. P, P and P, respectively. 

In order to deal with the likelihood ratio in Theorem l2.ll we use the following decomposition 


J Vn An)) _ ^ ^ Pn [OnBoAn)) 

(X"-; (6»o,0-o, Ao)) Pn (-T”-; (^n, CTo, An)) Pn (6*n,O-0, Ao)) 

Pn (X-;(0n,ao,Ao)) 


(3.1) 


+ log 


Pn (X"; (^OjO-Q, Ao)) 


For each of the above terms, we use the Markov property, the mean value theorem on the 
parameter space and then analyze each term, which leads to the logarithm derivatives of the 
transition density function w.r.t. the parameters. To analyze these logarithm derivatives, we 
start as in Gobet [6] by applying the Malliavin calculus integration by parts formula on each 
[tk,tk+i] to derive an explicit expression for the logarithm derivatives of the transition density 
w.r.t. 9 and a. To avoid confusion with the observed process we introduce an extra 

probabilistic representation of for which the Malliavin calculus is applied. Explicitly, we 

consider on the same probability space (fAjJ-*, P) the flow {s,x) = (y/’‘^’^(s,x),4 > s), 

X G M on the time interval [s,oo) and with initial condition Ys^’ {s,x) = x satisfying 


x)=x-9 x)du + a {Wt - Ws) + (3.2) 


where is the compensated Poisson process := Mt — Xt. In particular, we write 


Y 


9,a,\ _ 


= Yf’^’^(0,xo), for all 4 > 0. That is. 


Y 


0,a,X _ 


= Xq-9 


[ 

Jo 


(3.3) 


We will apply the Malliavin calculus on the Wiener space induced by W. Let D and 5 denote 
the Malliavin derivative and the Skorohod integral w.r.t. W on each interval [tk,tk+i]- We 
denote by the space of random variables differentiable w.r.t. W in the sense of Malliavin, 
and by Dom 5 the domain of 5. The Malliavin calculus adapted to our model is discussed e.g. 
in mm- See Nualart m for a detailed exposition of the classical Malliavin calculus and 
the notations we use in this paper. For any k G {0, ...,n — 1}, (y/’'^’'^(4fc, x), 4 G [4fc,4fc+i]) is 
differentiable w.r.t. x, 9, a, and we denote {dxY[’^’^{tk, x),t G [4fc,4fc+i]), {doY^^’^{tk,x),t G 
[4fc,4fc+i]) and {daY^’^’^{tk,x),t G [4fc,4fc+i]), respectively. These processes are the solutions 
to the linear equations 


dxYf’'^’^{tk,x) = 1- 9 f dxY^’^’^{tk,x)du, 

■Jtk 

deYf’^’\tk,x) = - j x) + 9deY^^^^\tk,x)) du, 


(3.4) 

(3.5) 
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{tk,x) 



d^Y^'^'\tk,x)du + Wt-Wt,. 


(3.6) 


For any t G [tk,tk+i], the random variables Yf’‘^’^{tk,x), dxYf’'^’^{tk,x), {dxYf’‘^’^{tk,x))~^, 
doYf’‘^’^{tk,x) and daYf’‘^’^{tk,x) belong to Furthermore, by [181 Proposition 7], the 

Malliavin derivative DsY^’^’^{tk,x) is given by 




[tkA ' 


For all ^4 G F and x G M, we set = E[l^|= x]. We denote by the 

expectation w.r.t. That is, for all ^-measurable random variable V, we have that 

E^’‘"’^[E] =E[E|yi®’‘"’^ = x]. 

Eor any t > s, the law of conditioned on = x admits a positive transition 

density — s,x,y), which is differentiable w.r.t. 9, a, and A. As a consequence of |6l 

Proposition 4.1], we have the following explicit expression for the logarithm derivatives of the 
transition density w.r.t. 6 and a in terms of a conditional expectation. 


Proposition 3.1. For all (0, cj, A) G 0 x S x A, A: G {0,..., n — 1}, /3 G {9, a}, and x, y G M, 


dyp' 


p 


,6»,(t,A y 

{An,x,y) = —E' 

T0,cr,A 




|0,C7,A 


[dyYl>;l’^\tk,x)U^'^’\tk,x)) If;;;;" = y 


0,(j,A / 


rO^tJ^X 


where x) := (t/f’'"’^(4, x), t G [4,4+i]) with 4f’"'’^(4,x) := (IliF4^]^(4, a^)) ^ 


Proof. Let / be a continuously differentiable function with compact support. The chain rule 
of the Malliavin calculus implies that f'{Yff^’_^^{tk,x)) = Dt{f (tk, x)))U^’^’^ {tk, x), for 

all (0, CT, A) G 0 X S X A and t G [4,4+i]) where U^’^’^itk, x) := {DtYff^’^^itk, Moreover, 

it is easy to check that [tk, {tk, x) G D^’^(F7), where FI = L^([4,4+i]) I^)- By 

nil Proposition 1.3.1], we have that df^Yff^’^^{tk,x)U^’'^’^{tk,x) G Dom 5. Then, using the 
Malliavin calculus integration by parts formula on [tk,tk+i], we get that 


dnE 


/(f/;;;\4,x)) 


= E 


= -^E 


A, 


/'(F/;;;''(4,x))5^f/;;;^(4,x) 

DtU(Yff^[\tk, x)))Uf’^^\tk,x)dpYff^l\tk, x)dt 




= 

A„, 


/(f/;;;"( 4, a:))5 (d/sY:’^’;{tk,x)U^’^’\tk, X 


6,a,X / 


r6/,o-,A/ 


Note that 6{V) = (•)) for any V G Dom 6 . Using the fact that p®’°'’^(A„, x, y) and 

d/3p^’^’^{An, X, y) are continuous for (y, P), the stochastic flow property = Yf’^’^{s, Yg’^’^) 

for all 0 < s < t, and the Markov property of diffusion processes, we have that 


dyE 


f{Yf’^’\tk,x)) 


I 


= I /(2/)9/3P®’‘^’^(A„,x,y)dy, 



and 
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= Jjiy)^ = x\ p^^^’HA^,x,y)dy, 

which gives the desired result. □ 

For all k G {0,...,n - 1}, we set := - Vt„ for ^ G 

We next recall Girsanov’s theorem on each interval [tk,tk+i]- 

Lemma 3.2. For all 9,6i, X, Xi,a and k £ {0, ...,n — 1}, define the measure 


Q 


0l ,Ai ,0,A,cr 


(A) := E 




4'“+' log ^+(A-Ai)A 


for all A £ T. Then q® 1 ’Ai, 6 »,a,(t ^ probability measure and under ^ process 

:= Bt — 4 ds, t £ [tk,tk+i]) ‘is a Brownian motion, and {Nt,t £ 

[tk,tk+i]) is a Poisson process with intensity Ai. Moreover, all these statements remain valid 
for the measure Jqj- q// ^ g 


Q' 


0i,Ai,0,A,(j 


(^) := E 


l^e' 


4"^' 1 log 3 ^+(a-Ai)A. 


As a consequence, we derive the following explicit expression for the logarithm derivative 
of the transition density w.r.t. A in the form of conditional expectation. 

Proposition 3.3. For all {9, a, X) £ Q x T, x A, k £ {0,..., n — 1}, and x, y G M, 

0,(t,A 


^0,a,X \^ri-,X,y) 


P 




+ 


cr 


A 


t :+[ =y 


Proof. Let / be a continuously differentiable bounded function. Girsanov’s theorem yields 


E 


/(y44(4,x)) 


= E 


/(y/;;4(4,x)) 


dP 


j/-\ 0 ,Ai , 0 ,\,cr 

dQk , 


Taking the derivative w.r.t. A in both hand sides of this equality and using Lemma 13.21 


9aE 


= E 


= E 


/(y44(4,x)) 


= E 


f(Yff+[^\tk,x))dx 


dP 


dQ^^Xi,e,x,^ ^ 


f{Yff^’^\tk,x)) ( 


a 


A-Ai^ 

o “T 


dP 




X 


7/^0,Ai,0,A,cr 

dQk . 


/(e44(4,x)) ( - 


Air,Ay; 


a X 

Then proceeding similarly as in the proof of Proposition 13.li the desired result follows. □ 

Erom the decomposition 13.11 the Markov property and Propositions 13.11 13.31 the log- 
likelihood ratio will be represented as sums of conditional expectations involving Skorohod in¬ 
tegrals. Therefore, in order to control the convergence of the log-likelihood ratio, one needs to 
have an appropriate stochastic expansion of the Skorohod integrals 5{disY^^f^’^ {tk, x)U^ {tk, x)) 
appearing in Proposition 13.11 with fi £ {9, a}, and of the conditional expectations appearing 
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in Proposition 13.31 In fact, these random variables can be decomposed in terms of some 


0,(j,A T/-0,f7,A 


5 


fe + 1 


function g{6,a, X, An,Y^^^’ ) and remainder terms. Then g{9,a, X, An,Y^ 

whose conditional expectation can be computed easily corresponds to the main terms that 
will contribute to the limit of the log-likelihood ratio. Some remainder terms which have to 
be centered random variables (see (13.111) and (13.141) 1 will have no contribution in the limit 
of the log-likelihood ratio. These facts will be seen in Subsections I4.1lf4.3l Consequently, we 
have the following decompositions of the aforementioned Skorohod integrals. 

Lemma 3.4. For all (0, a. A) G 0 x S x A, A: G {0,..., n — 1}, and x G M, 




= ( y-- - 


re,cr,\ 


+ AnOY^f’^ 


+ + -R! 






Tji 

JX/1 -£t 


e,cr,\ 


where 


^ Jtk 


f A+i 




y 


0,0-,A 


{tk,x) 


5a;(4,X) 


dxY^''"'^{tk,x)duds, 


r*' r*' dw, 

-f 

Ju 


^p,cr,A _ _ 


‘^+1 / Yr’\tk,x) Y:’-’^{tk,x) 




S 


{tk,x) 




{tk,x) 


ds f dj;Yff’^{tk,x)dWs, 
Jtu 


^fc + 1 


= Ana-^Bx j' (^y/’'"’^ - y/;'"’^) ds, rI’""’^ = -Ana-^x (- M, 




Proof. From (13.41) and Ito’s formula, 

{d,Yf’^’\tk,x))-^ = 1 + 0 [\d^Y,^’‘^’\tk,x))-^ds, 

Jtk 

which, together with (13.51) and Ito’s formula again, implies that 

deYf^+l\tk,x) _ ftk+i Y!’‘^’\tk,x) 


(3.7) 


5,y/;;;"(4,x) 




itk,x) 


-ds. 


' tk k/x^S 

Then, using 17f’'^’^(4,x) = (Ayt^’^;^(4,= (^~'^{.dxYl’f'^’^{tk,x))-'^dxYl^'''’^{tk,x) and 
the product rule [171 (1.48)], we obtain that 

<^fe!’;;\4,a:)4^’"’"(4,x)) =-- dxY!^^\tk,x)dWs 

^ ^ ^ Jtk dxYs’ ’ {tk,x) Jtk 

dxYg’^’^{tk,x)duds. 


+ 


^ ftk+i ftk+i 


D. 


^k 


Yu’'"’^{tk,x) 

dxYu’''’^{tk,x) 


We next add and subtract the term dxY^^^'^{tk,x) in the second integral, and the term 
in the first integral. This, together with Y^f^'^{tk,x) = x, yields 


^0,(T, A 
k 

rO,CT,\ 




d.Y,Y’Rtk,x) 




R' 


,0,cr,A 


(3.8) 
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On the other hand, by equation (j3.3p we have that 

^fc + 1 




rH 

Jtk 


y 


0,cr,A -y^0,cr,A 




(3.9) 

This, together with p.Sp . gives the desired result. □ 

Lemma 3.5. For all (0, a, A) G 0 x S x A, k € {0 ,n — 1}, and x G M, 




Hi 


e,a,\ 


-a^Uh: 




r0,(J,A j_tO^(T^\ 


+ + 2aATyi,+i i^4 ’ + HI 




where 


7 ^- 0 ,cr,A 

H. = —- 


r^k+i r^k-\-i 


T^0,a,X 

H 2 — 


D. 


1 


dWudxY^’''’^{tk,x)ds 


a 




a 


1 /■*'=+! / 1 

Jtk [d^vF^, 


da:Yu’‘"’^{tk,x) ^ 
1 


dWs r^F^Yf’^’\tk,x)dWs, 
Jtk 


a \ 1 /■*''+! 

7 ^ 6 ^,cr,A I 

— — 


1 


rB^X ^ 


Jtk d^Y^f’ {tk,x) 

tk+i 


dWs / (a,,y/’"'^(4, x) - 5,y//’^4, x)) dWs, 

•J^k 


Fk + 1 


' ^k 


Y^’^’^ds, = 


Proof. From (13.6h . (13.7p and Ito’s formula, 


daYff^[^{tk,x) _ rP+1 


dxYff^[^{tk,x) Jtk dxYf’'"’^{tk,x) 

Then, using U^’^’^{tk,x) = a~^ {t^, x))~^ dxY^’^’^ x) and the product rule [T71 

(1.48)], we obtain that 


/ 

J tl 


1 


e,a-,X, 


-dW,. 




1 ftk+l 


tx Jtk dxYs’^^’^itk^x) 


dWs f’‘^FxY,^’^’\tk,x)dWs 
Jtk 


1 ftk+i 


1 

^ Jtk 


1 


rtk+i 


dxYs’''’^{tk,x) Js 


+ 


D.. 


dxYu’‘'’^{tk,x) 


dWu \ dxY^’'^'^{tk,x)ds. 


We next add and subtract the term ^ —y in the first integral, and the term dxYf^^’^{tk, x) 

in the second integral. This yields 

(5.y/;;;"(4, x)) = -F + ^ ^e,.,x ^ 

On the other hand, by equation (13.3p we have that 


rO^a^X 


(3.10) 


AWtk^^ = (FF - Y 


^fc+1 


r9^a,X 
'tk 


+ 9 r*V/’-^*-(Mi„-Mi)), 

Jtk / 


which, together with p3.10p . gives the desired result. 


□ 
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We will use the following estimates for the solution to ()3.2p . 

Lemma 3.6. (i) For any p > 1 and (0, < 7 , A) G 0 x S x A, there exists a constant Cp > Q 

such that for all k G {0,n — 1} and t G [tfc, tfc+i]; 


E 


^ \Yff'"’^{tk,x) = x <Cp\t- (1 + \x\P). 


(ii) For any function g defined on ©xSxAxlR with polynomial growth in x uniformly in 
{9,a,X), there exist constants C,q > 0 such that for k £ {0, — andt£ [4;4+i]; 


E 


g{e,a,X,Yf’''’^{tk,x)) \Y^f'''''{tk,x) = x < C (1 + |x|''). 


rd,(J,X , 


Moreover, all these statements remain valid for . 

Using Gronwall’s inequality, one can easily check that for any (0, < 7 , A) G 0 x S x A and 
p > 2, there exist constant Cp, q > Q such that for all k G {0,n — 1} and t G [4; 4+i]) 


E 


(9a;y/’'^’'^(4,x) 


+ sup E 


+ 


1 


dxYt''"’^{tk,x) 


+ 


9^y/’'"’^(4, x) |y/’°'’^( 4 , x) = X 


DsYf’‘^’\tk,x) \Yff’\tk,x)=x 


Y Cp, 


E 


deYf''^'^{tk,x) ^\Yff’^{tk,x) = X 


+ sup E 


Ds{dxYf’'^’\tk,x))^ |y/’"’^( 4 ,x) =x <Cpil + \xn. 


r0^a,X 


As a consequence, we have the following estimates, which follow easily from p.Sp . (I3.10p . 
Lemma 13.61 and properties of the moments of the Brownian motion. 

Lemma 3.7. For any (0, < 7 , A) G 0 x S x A and p > 2, there exist constants Cp,q > 0 such 
that for all k G {0,n — 1}, 

( 4 , x) = x]= 0 , 


E 

E 

E 

E 

E 

E 




,0,(7,A 


+ + R. 


e,a,\ 


P , a \ 1 3p+l 

ic) = xj < CpAn ^ (1 + \x \'^), 


<5 (a0y/;;;\4,x)C/®’'^’^(4,x)) [ |y//’\4,x) = x] < CpXj (1 + 1x1-?) 


^0,<X,A ^ ^0,<X,A ^ ^ ^ 


= 0 , 


t_t-0,(T,A I 7^-0,(7,A I 7'7'0,(7, A 

r0,(7,A / 


(5.y/;;;\4,x)c/'^’"’^(4,x)j ‘ |y;/’''(4,x) = X < CpAi (i + jx^) 


^ = X < C'pA ^’^2 j'x _|_ |a;|9) ^ 


0,(7,A / 


(3.11) 

(3.12) 

(3.13) 

(3.14) 

(3.15) 

(3.16) 


Next, we recall a discrete ergodic theorem. 

Lemma 3.8. [71 Lemma 3.1] Consider a differentiable function 5 : M —>■ M, whose derivatives 
have polynomial growth in x. Then, as n ^ 00 , 

[ 9{xffeo,ao,Xoidx). 


n 


k=0 
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For each n € N*, let be a sequence of random variables defined on the filtered 

probability space {J^i}i>o,P), and assume that they are -measurable, for all k. 

Lemma 3.9. [3 Lemma 3.2] Assume that as n ^ oo, 

n—1 n—1 

(i) ^ E [Zfc,J J-iJ A 0, and (ii) E J J A 0. 

k=0 k=0 

Then as oo, Y!,k=o 0. 

Lemma 3.10. [9l Lemma 4.1] Assume that as n ^ oo, Yl^=i)'^[\^k,n\\^tk\ —^ 0- Then as 
oo, Ylk=o ^k,n ^ 0. 


4. Proof of Theorem 12.II 

In this section, the proof of Theorem 12. II will be divided into three steps. We begin deriving 
a stochastic expansion of the log-likelihood ratio using Propositions 13.1113.31 and Lemmas 13.41 
[331 The second step treats the negligible contributions of the expansion. Einally, we apply 
the central limit theorem for triangular arrays in order to show the LAN property. 


4.1. Expansion of the log-likelihood ratio. 

Lemma 4.1. The log-likelihood ratio at {9Q,ao, Xq) can be expressed as 


log 


Pn i9n,Crn,Xn)) 
Pn{X^-,{9o,ao,Xo)) 


n—1 n—1 « 

^ ^ {^k,n Vk^n “1“ Pk,n) “1“ ^ ^ / . o / 

k=0 k=0 Jo 


+ E‘ 


9(£),cto,\o 


^k,n + ^k,n 


n—1 


n—1 


j^eii),ao,Xo _ ^0W,-o,Ao _ ^eW,-o,Ao|y^ej^^),-o,Ao ^ - Rk,n) 


k=0 




E' 


dn,0-(i),X„ 


Pifc+l h+l 


n 1 /* ^ 1 


X { (He + Hjf + 2aoABt,^^ {H^ + Hj) - 


h: 


k=0 
9n,cr{£),Xri 


+ h: 


9n,cr{t),X, 


+ 2a{l)AWt,^AHl 


j9n,CF{l),Xn 


+ m 


9n,(T{i),Xn\ |^0„,O-(£),A. 


tk + 1 


= x, 


tk+1 


di, 


£u £v ^iv 

where 9{i) := 9o -\ — 1 ===, cr{i) := uo H —-;=, X{i) := Aq H—f==, and 
y/nAn y/n y/nAn 


^k,n — 


U 


\y/nAr 


cr, 


Xtf, ( -h 


uAr, 


2y/nA, 


--X, 


tk ) j 


%,n — 


/3fc n — 


y/nAl Jo 

w 


Ay/nAr. 




2y/nAn y/nAr, 
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+ 


W 


y/nA. 


E 


n Jo 


9n,cro,X{i) 


tfe + 1 Cfc \^dn,<JQ,>^{^) _ 

Kife+1 — ^tk+1 


m 


de, 


Zti = ^nofOoX,^ 


fifc+1 




1 <701-^0 


- - N^’) , 


-2 


j^9[i),0'o,Xo _ _j_ _j_ ^^(^))Cr05'^0 


tj; 






<701-^0 


- 1 ds 


-E' 


9n,ao,X{t) 


rlfc+1 




y: 


9n,UQ,X{l) _ YSn,ao,X{^)\ r |'^6n,O'0,A(£) _ 

j I ^fc+1 ^/c + 1 


d£, 


Rk,n — 


W 


^ , _ / (ANt.^, _j.0n,^o.Am 




^ 07 T,,cr(^),A 7 T, _ ^^n;Cr(-^),An ^Qn-,<7{^)^\n _|_ ,cr(^) lAn 


Hi, = -00 / - iV, 


Ao 

^k 


Proof. Recall that the log-likelihood ratio is decomposed as in ()3.ip . First, using the Markov 
property, Proposition EH Lemma 13.41 and equation o for the term — Xt^. that 

we obtain from the term in Lemma 13.41 when taking the conditional 

expectation, we obtain that 


log 


p„(X-;(0„,Uo,Ao)) — 


p„(A’^;(0o,cro,Ao)) ^ - p' 


E‘»eS;;3p».^<.A,„) 


n-1 I 

y-^ / 

f-' \/nA„ 7o 


vojAo 


k=0 

n—1 


y/nAn Jo 


{An,Xt„Xt,yd£ 


n-1 ^ 


fc=o -^0 

n—1 n—1 


'^^k,n + Yl r-^ [ 

k=0 k=0 Jo 


+ E' 


/c=0 
0(£),cro,Ao 


I ^5,£ 


^0(£),(to,Ao _^^C^)iO'OiAo _^0 (£),(to,Ao I-y^0(^),o'o,Ao _ 


^fc+i 






Next, using the Markov property, Proposition 13.11 Lemma (3. 5 1 and equation (II. ip for the term 
— Xt^ that we obtain from the term in Lemma [331 when taking 

the conditional expectation, we obtain that 


log 


PniX^;{en,an,Xn)) ^ ^ 

Pn (x*^; (0„, (To, A„)) \/ra 7o 
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n—1 

E 


—0 


E 


6»„,cr(£),A„ 


(4, Xi (4, j) |y, 


6»n,cr(£),A„ 


fc+1 




A:=0 

n—1 


n—1 


y~! %,n + ^ 


fc =0 fe =0 

n—1 


^ V^nAf 


E' 


9n,cr{£),\r, 

Xt, 


7:T0n,O'(^),A„ I y^0n,O'(£),A„ _ V 




^ § \Ai^ L 


- E 


k=0 
9n,a{£),\ 


(46 + Hrf + 2cjoA44_, + Hr) 


Xt, 


^0„,a(£),A„ ^ ^e^,ai£),\^y ^ 2a{i)AWt^^^ 


X H 


j^6n,cr{£),X„ 


+ h: 


9n,cr{i),\r. 


y: 


en,cr{£),\n _ 


ife+1 


= A, 


ife+1 


d^. 


Finally, using Proposition 13.31 equation (13.91) with (d„, (Tq, A(.^)) instead of (d, cr, A), and equa- 


9n^^Q^X{£) _ ^0Ti,crO5'^C^) 


tion o for the term — Xt^, that we obtain from the term Yt^j)^ ~ 

()3.9p when taking the conditional expectation, we get that 


Pn (X^; {9n,Cro,Xn)) 


n—1 




log„ p0.,-.o,A(£) 


Pn {X'^-, (dn,cro, Ao)) 


fc =0 


n-1 „j 

JO 


E 




k=0 

n—1 


VnAn Jo 

n—1 


Am.,, , 


O-Q 


+ 


m 


*fc+i 


= x 


h+i 


d£ 


= ^ /3fc,n + ^(dfc,n - .Rfc.n)- 
/c=0 fc=0 

Therefore, we have shown the desired expansion of the log-likelihood ratio. 


□ 


We show that ^k,n,Vk,n, Pk,n are the terms that contribute to the limit, and all the others 
are negligible. In all what follows. Lemma 13.81 will be used repeatedly without being quoted. 


4.2. Negligible contributions. 
Lemma 4.2. As n oo, 


n-1 .j 

i^oV^nJo 


E' 


9{£),(jq,Xq 

Xn 


n9(£),cro,Xo\Y^W^'^oAo — 

I ifc+i h+l 


dt 0. 


Proof. It suffices to show that conditions (i) and (ii) of Lemma 13.91 hold under the measure 
p6»o,o-o,Ao^ We start showing (i). Applying Girsanov’s theorem and (|3.1ip . we get that 


u 


n—1 

S 

n—1 


E 


E 


9{l),aQ,Xo 

Xn 


jj9{£),ao,Xo\Y9{£),ao,Xo _ 

Pifc+l *fe+l 




£‘k 


di 


u 

b] 


E 

k=0 


YQ0(e),\Q,8Q,XQ,r7Q 


j:^9{£),cto,Xo 


dP 


^Q9{£),Xo,9o,Xo,cro 


X, 




di = 0, 
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where we have used the independence between ^nd ; together with 


E^ 9 (^),Ao,eoAo,<To [ ^Qe{i),f^,eQ.}.o.<ro = 1- Thus the term appearing in condition (i) of Lemma 

13.91 actually equals zero. 

Next, applying Jensen’s inequality, Girsanov’s theorem, and ()3.12p with p = 2, we obtain 

2 


nAl 


n—1 9 

E “ 

A:=0 
n—1 

< 


E 


f 


E' 


9{£),(7o,\o 


j^9{£),<jo,\o\Y6{£),cro,\o _ 


2 i-l 

Jo 


k=0 

n—1 9 

U 


EqS(^),Ao,So,Aq,(to 
^ k 


voiAo 


tk+1 

dP 


d£] Lf, 




^q 0{^) ,Xo ,0o ,Xo ,ao 






di 


E 

k=0 


nAl 


n Jo 


^k 




d£ 




n 


k=0 


for some constants C, 5 > 0 , which gives the desired result. 
Lemma 4.3. As n 00 , 


n-l ~i 

^ Jo 


Tp^(^)wo,Ao 


n 


0(£),(TO,Ao |^0(£),cro,Ao _ 


ifc+l 




tk + 1 


di 


pSo.CToAo 


0 . 


□ 


Proof. We rewrite 

fi 


u 


where 


/ 


rp^l^lwo^Ao 

^k,n 


R 


0(£),cro,Ao |^0(£),o-o,Ao 


tk+1 


= x, 


tk+1 


di — Mk^n,l + Mk,n,2, 


AIk,n,l ■ — — 


Mk,n,2 '■ — 


a^nAn 


-Xi 


e{i)l - Xu) ds 


'0 Jtk 


\y/nA, 


--X, 


(Ti 


tk 


-E 


e(£),<To,Ao 

Xu 


rtk+i 


tk 


VO,Ao 'sy9{£)^uQ,\Q 


- Y 

S tj^ 




9{£),aQ,Xo 


= x, 


tk + 1 


di. 


Eirst, using Lemma ISTGlf il. we get that 


n—1 




• n—1 


11 l-Ttfc 


k=0 


<AAXy(i + \x,x), 


n 


k=0 


^ p0Q,crQ,AQ 

for some constants C,q > 0. Therefore, by Lemma [3. 101 YJk=o ^k,n,i —^ 0 as n ^ 00 . 


Now, we treat XIk^n, 2 - Using Girsanov’s theorem, we have that 

r TI f r fR+i / \ 

= 2 / . E^<> / "W E / 

k=0 ^ ^ CToV^An Jo I LFfe ^ ^ 


A, 


^k 
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'^k 


rtk+i 

J tk 


cro,Ao _ 


^k 


ds 


dV 


^QS{i),Xo,do,Xo,ao 




^k 


d£ 


= 0 , 


where we use the independence between and ^ 0 (e),\f,BQ,\Q,^Q ? 

dQ u 


together with E^e(e)Ao,eo,Xo,<ro [ ^^e(o,Ao,9oAo,<^o = 1 


dQl 

Next, we proceed as in the proof of Lemma 14.21 to get that for some constants C, g > 0, 


n—l 

Ee[ 

/c=0 






n—l 


< N (1 +1^, 


I 


k=0 


Therefore, by Lemma [T9l 
Lemma 4.4. As n ^ oo, 
/•i 


0 as n —>■ oo. Thus, the result follows. □ 


u 


n—l 

Sv^ 


. 76 ,£ T7'^(^)WOiAo 

^k,n - 


Ft 


6»(£),(to,Ao |^0(£),(to,Ao 


Proof. First, applying Girsanov’s theorem, 


E 


76,^ TT'^C^IwOiAq 
^k,n - 


A^CTq Ajj.E^e{f),Ag,SQ,Ag,CTQ 


R 


,9(£),cro,Xo |^6(£),(TO,Ao 


ik + 1 


= Xt 


= x, 


tk + 1 


d£ 


p®0"°'oAo 


0 . 


tk + 1 ^'-tk + 1 

-^0 _ Tf>^o 


Xt 


£k 

dP 

M'^° — M^° 1 _ - _ Xt 

tk+1 tk J ^^0(£),Ag,0g,Ao,(Tg I 


= 0 , 


where we use the independence between and ^^ 9 (£),A^^eg,Ag,CTg ■ Thus the term 

appearing in condition (i) of Lemma 13.91 actually equals zero. Next, multiplying the random 
variable inside the expectation by Ij-^ ^ + Ij-^ ^ and applying Lemma iBTl we get that 

for n large enough, for any a G (0, i), pi > 1, > 1 with p\qi < 2, and € (1, 2), 


dP 


n—l 


Ee 


77 A ^ 

fc =0 


76,^ Tp^(^)wo,Ao 
^k,n - ^Xt^ 


,e(£),o-g,Ao |.^,6»(£),o-o,Ao 


,2 ^-1 /-I 


< 


a^nA. 




f 

E Y [ 

k=o 

n-l .1 

Xl J + Mfy d£ 


d£] Xt 


^k 


JO 




am*., 


tk+1 1''tfc+1 


6(£),(70,\o _ 


= A, 


tk+i 


A 


tk 


d£ 


< A-‘e 


^ -q PLJ2x, 


n 


2 

tk' 


k=0 


for some constants C,Ci > 0. This converges to zero in P^°’^°’'^o-probability as n ^ 00 . Note 
that the counting events Ji,k^ and the terms ^ j^0(p,ao,Xo^ ^ 0 (^£yo-o,Ao 

dehned in Subsections [Q and 16.21 Thus, by Lemma 13.91 the desired result follows. □ 
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n—1 m P® 0 -‘^oAo 


Lemma 4.5. As n ^ oo, X]fc=o 
Proof. We write Tk^n = Tk,n,i + Tk,n, 2 , where 


0 . 


Tk,n,l ■ = — 


UW 


1 r^k-\- 


cjgnA„ JO Jtk 
OnW f /■*'=+! 






- E' 


6n,cro,X{i) 


f'ik + 1 




YSn,cro,\{t) _ '^®n,a-o,A(£)\ 7 |^6n,O'0,A(£) _ 

S tk / *1 i-k + l ik + 1 


dt 


In the same way the terms Mk^n,i and -^fe,n ,2 of Lemma 14.31 are treated, we obtain that 
J2k=o '^k,n,i ^ ° 0, and X]fc=o '^k,n ,2 ^ ° 0 as n —>■ OO. Thus, the result follows. □ 


In 


all what follows, we set Uk := 




_^ p^O’^0’^0 

Lemma 4.6. As n ^ oo, ^k=o ^k,n —> 0. 


Proof Using E[ANt^^^fXt^^] = AqA^, AMi^_^j = + A(£)A„, and LemmaEZl 


n—1 


y~l E ^Rk, 


n\^tk 


W 


n—1 


fc =0 


a^Vn^f^^Jo 

n—1 


Y, / nuk\xtf\di 


w 


ToV^n —qJO 

Thus the term appearing in condition (i) of Lemma 13.91 actually equals zero. 

Next, proceeding as in Lemma 14.41 bv multiplying the random variable inside the expecta¬ 
tion byly +1? +1? ) and applying Lemma 16.61 we get that for n large enough, for 

•JQyk ’Jl,k ^>2,k 

any a G (0, ^), pi > 1, > 1 with piqi < 2, and G (1, 2), 


cr. 


Yl / i^oXn — AoA„) di = 0. 


72—1 

Ee 

/c=0 


Rk,n\Xtu 


”■“1 2 7-1 

<y^L_ / 

^ cj^nA„ Jq 


E [C/||XiJ di 


E 


o-^nAn Jo 


k=0 


,cro )A(^) ^ j^0n,O'Q^X[£) ^ j^9n,(7Q,X{i) 

^ 1,1 


T,l 


>2,1 


di 


< Cw^ f ' + A^i’i E A^i ^ 


for some constants C,Ci > 0, which converges to zero in P®°’°'°’^°-probability as n —>■ oo. 
Thus, by Lemma 13.91 the result follows. □ 


Lemma 4.7. As n oo, 


n—1 

& a/^ 


E 


d„,(T{e),x„ 


IJ0n,O'(£),A„ |^Sn,f7'(4),A„ _ „ 

Uifc+l £k + l 


dt 0. 
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Proof. For /r e {1,2}, we set := 

First, using Lemma lOl (I3.14p . Lemma [631 Jensen’s inequality, and (I3.15p . for n large enough, 


n-l 

/ 

n—1 

E 


E 


E' 


dn,cr{£),\n 




E 


U0n,O-(£),A„ I 

Fifc + l ^k + l 


® 0 ,O' 0,'^0 


-^tfc 





9(0) 


°° \J 

+ E ° 


,=i 


E 


0O,cro,\o 
%) 

^fc+1 {'^j, fc 5 • ^n?cr(^)5-^n 

%) 


^),A„) 


- 1 X 


^ 6 »n,CT(£),An _ 




= X, 




dsi ■ dsj >dl 


J_ 

92 


^ ^ A^ j! I V-^o / 


+ 


(e ^°^"Xl)pii 2 {e + y ( 


Ao 


A N -A 

\ 92 


Ao + 


wh 

/nAn 


-(Ao+^^)A„,. wh ■\— . . • 1 


X (e-^-^-XU^dh ^ ^ E (^ + l^<* I’) 


|U| 

n 


n—1 




fc =0 


for some C, (? > 0, where {qi,q 2 , 93 ), (ft, 92 , ft), (ft, ft, ft), Pi,ft,ft are as in Lemma (631 Here 

0,cr,A / 


^ri !<^(^) i-^n ! At] 


ftn’^(i-s, a;, y) are defined in SubsectionEH = ei°,l(o,An (^n, X^ , 

9(0) 9(0) 

eo.o-oAo x-Sq.^oAo 
%) - %) 


-^{An, si,..., Sj). Then using the finiteness of the 


6n,cT{i),Xn 6n,<T(e) 

%) %) 

sum w.r.t. j, the right hand side converges to zero in -probability as n —>■ 00 . 

Next, applying Jensen’s and Holder’s inequalities withpi,p 2 conjugate, together with Lem¬ 
mas lOIOl and p3.15p . we get that for n large enough, and some constants C, g > 0, 


n—1 0 

E;^a.e 


k=0 


E' 


0n,cr{£),\r, 

Xu 


TjSn,cr(^),Art =X 

Hifc +1 *fe+l 


dl] \Ff, 


£‘k 


n—1 9 

E v 

JO 

fe=o ”■ 



E 




^o.o-OjAo 

9(0) 


Jo,k 9n,a{£),\n I ^k 

9(0) 


+ , tf^ 


+E()^ 

j=i V ^ 

^ ^^n io 


An/ /S'? 


E 


7 / ,n'(£),An \ 1 

)1 


0o,cro Ao 
^(i) 


A 


6»,t,o-(£),A„ 


9n,0-{£),Xn I h 

^L) 


= A 


^k 


dsi ■ ■ ■ dsj >dl 


A:=0 


E 


2 ) ifc+1 


E 


ifc+l 

^^OjCOiAq 


I _ 

Lv, 


^k 


= A 




/ 9(0) yb vrert,<7(£),Ar, 

ft,* V Sn,(7{£),Xn J I 
9(0) 


= A 


^k 


1 

P2 


X 
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40 k" 


\ 0n,O'{i),Xn 
%) 


0O,crO,Ao 

%) ^2, 0n,<7(£),An _ 








P2 


dsi • • • dsj \dt 


fc=0 j=l ^■ 

- 0-14 

<C'A^-J](l + |XtJ''), 


k=d 

which converges to zero in -probability as n —>• oo. Here we have used the hniteness 

of the sum w.r.t. j. Thus, by Lemma l3.91 the result desired follows. □ 

Lemma 4.8. As n oo, 

n—1 


71 1 /* ^ 1 r 

-E' 


k=0 V '"^n 

^9n,0-{i),X 




H 


9n,(T{i),\n _|_ j^9n,cr{£),\. 


k + 1 

2 


+ 2a{i)AWt,^, 


X LH 


9n,cr{e),Xn _|_ jj9n,cr{l),Xn\ \~^9n,u{l),X 


K 


ifc + 1 


= A, 


h+i 


dc '"’n'*" 0, 


Proof. We split the term inside the conditional expectation as 


where 
Kni : = e. 


9n,a-{i),Xn jj9n,cr{£),X. 


+ 2aii)AWt,^^ (^jj9uMe),Xu ^ ^ ^ 


, , ife+1 , , \ ^ rh+i 

2 / / ) _20„ / 


/*tA 

Jtk 


' ^k 

A,< ^ = (mL. - “7)' + (<« - 0 

2 


Y^r.00x.ds (a{i)AWt,^^ + - M^A , 


Similarly, we split [Hq -|- HfY + 2cToAHtj,^^ {Hq -|- Hj) = iLo + Pq, where 

rtk+i \ ^ Pk+i 


Kn : = 


«0 A - 2fl„ ^ XY<-^‘>d, + ]V,7, - <") 

^■0 ^ = ("<h. - Nl“)' + 2<2 oAB,.,. (V,7, - ]V7) . 

Therefore, in order to prove Lemma 14.81 it suffices to show that as n ^ oo. 


n—1 „i ^ 

S x/^^l Jo ^ 


Kn-E' 


0 " 


9n,cr(£)An 


KnAE 


9n,cr(£),Xr, 


lfc + 1 


= X 


tk + 1 


k=0 

n—1 


y \ 

S aA^^ Jo 


3 1-^0 


6>n,tT(^),An 


771 I T/'^n ?<T(^),An _ \r 

tfc+1 ifc + l 


(4.1) 


df 0. (4.2) 
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We first show (j4.1l) by proving that conditions (i) and (ii) of Lemma l3.9l hold under 


We set sr(Wfe+i) := Applying Lemma [O to the condi- 


rdn,cr{l),\n _ 


tional expectation, we get that 
E 

where 


Ko - 


KnAY, 


0„,(t(£),A„ 


o 

ji := —e 


E 




en,a{^),\r, 

ifc+1 


tk + 1 


0O,cro,Xo 

9(0) 


= X 


tfc+i 


Yt 




= Si + S 2 , 


jQ,k I 

,^(o) 


-1 W 


0n,(7{t),\n _ 


^k 


= X, 


^k 


+ E- / E 

S 2 :=E[Ko\Xt,] -E 


*fc + l ’ 


do,ao,Xo 


( %) _-|\ I y0n,(T(£),A„ _ ^ 

V 0n,(T(£),A„ 

%) 


^k 


dsi ■ ■ ■ dsj >, 


KnAYt, 


0n,a{i),Xn _ 


= x, 




Proceeding as in Lemma 14.71 we obtain that 


^ \/nAl Jo (x(i) 


kfo -^0 

X + 


s^de 


^ r’ A f 1 , \ '• "^0 i 

- ” ' ■"AyTlU 




m 

Ao 


fl 


(e '’^°^"A;j)ri92 
A. 


'n \ 92 


0 Ao + 


wh 

/nAn 


X e 


-Ao+:7i^)A. 


wh 




n—1 


for some constants C,q > 0, where {qi, q 2 -, Qz)^ ( 9 i) 92 ;<? 3 )) ( 911^25 93 )) and Pi,Pi,Pi are as in 
Lemma 16.51 This converges to zero in P®°’'^°’'^°-probability as n —)• 00 . On the other hand, 


E [Ko\XtA = 261 f E 

J tv. J th. 


f tk ^k 

r^k+i 

-200 / E 

J tk 

r^fc+1 


duds 


= -200 


rn 

Jtk 


E 


XfowoAo + nY _ nA 


ds, 


ds 


XfowoAo ( ^eo,ao,Ao _ 


which implies that S 2 = — 20 oS' 2 ,i — 82 , 2 , where 
rh+i 
'tk 


r'k+i / 


^0owo,Ao (_ xA \Xt, 


-E 


e: 


9n,cr{£),\n f Y''n,0-(i),\n _ iCrf^), An|y-0n,cr(£),An _ 


Y 


^k 


Y 


^k 


= X, 


^k 


ds, 


S 2.2 ■ — 2 


\^nA 


ftk+i 

= ^ 
n J t}^ 


e: 


dn,cr{i),\n (Y''n,(r{£),\ri _ ,cr(£), An| y^n ,0-(£), An _ 


E 


tk 


Y 


tk 


= X, 


tk 


ds. 
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Setting := ^ 

^tk,s ■” {(®i) ■ ■ ■ , Sj) : tk < Si < ■ ■ ■ < Sj < s}, and proceeding as in Lemma [6dl we have 

i, ,1 ^ 0o,o-o,Ao 


Ci U 

*32,1 = e 





X 


E 


I 




Jo,tp.,s \ 6niO'(^£'),Xr, 

9(0) 

6*0, CTO, Ao 
/ ^0) 


OO X j 

-i) = 

j=l 


,S i-5l V ■ \ 0ri,cr(£),A* 


- 1) = Xt, 


%) 

^So.ctoAo qSo^o'oAo ^ 

where we denote = enl(i).Xr. (s-tk, 

9 ( 0 ) 9 ( 0 ) 




dsi ■ ■ ■ dsj >ds, 


9n,0-(l),\n y9n,cr{i)X 

, As 


„®0'°'o Ao 


So.c*0 Ao 


\ 9(j) _ _ ■i(j) _ , ^ 

L f?n,cr(^) An ^n,cr(^)An ^ 

''O) ''O) 


tk, si,..., Sj). Then proceeding as in Lemma H?7l we obtain that 


n-l I 

u-n \/nXl Jo 


^ O Je P®o><^oAo 
r*S2,ia-c —> 0. 


Next, adding and subtracting and use (|3.3p to get 82,2 = *52,2 ,1 + *52,2,2, where 


* 52 , 2,1 : — 2 
* 52 , 2,2 : = — 20 , 


u 


x/nXyi J 

u 


J ^ y ^^dn,cr{t),\n _Y^ri,cr{t),\n'\j‘ 


\Y, 


9n,cr(tj,Xn _ 




= x. 


X, 


ftk+i ps 


tk 


y/nA^ Jtf. Jtk 

Therefore, using Lemma 13.61 we get that 

n—\ 


E 


Y9„,a-(i),\n^Y9n,cr(l!),Xn — Xj 


tk 


duds. 


ds, 


V 

^ \/raA2 Jo o-(£y 


1 


:S2,2de 


• n—1 




n 


k =0 


for some constants C,q > 0, which concludes that as n —)• 00 , 


n—1 

E 


‘ AM 0. 


This finishes the proof of Lemma 13.91 (i). 

Next, proceeding as in the proof of Lemma 14.71 bv applying Jensen’s and Holder’s inequal¬ 
ities with pi,P 2 conjugate, and Lemmas 16.1116.21 we get that for n large enough, 


n—1 9 

V 


E 


1.0 

72—1 


E 


1 


a(iy 


Ko - 


K„.AY 


nA^tk+i 


9„,cr{tj,Xn _ 


= x. 


tk+1 


dn \Fi 


tk 




E' 


9„,a(£),X„ 

An 


-^n,£E4+i 


9n,cr{t),Xn _ 


= x, 


tk+1 


\x, 


tk 


d£ 


1 2 

— v^ 


< Cv^yXn + CAl^^ — V (1 + I A, 

n 


tkJ). 


k=0 


for some constants C,q > 0, which converges to zero in P^0’°'0’^°-probability as n —>• 00 . This 
hnishes the proof of (14.ip . 
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Finally, it remains to treat (14.2p . For this, using equations (13.31) and dEU) to rewrite the 
Brownian increments in terms of the process increments and 

^ Poisson increments, and drift terms, it suffices to show that the following terms 
converge to zero in P®°’'^“’^°-probability as n —)• oo: 

n—1 


n-i 

k =0 “'O 

oilf 


a{lY 

Xt, 


ANt ,.,, - E' 


4+1 


0 n,O-{£),Xr, 


AMi,., Jy; 


tk + l I 4+1 


d„,cr(£),Xn _ 


= x, 


^fc+1 


- Exi. 


9n,cr{e),Xr, 




9n,a-{i),Xr, 


= x, 


4+1 


di, 

d£, 


k =0 

n —1 

E 


1 


^ Jo a(ef V 


((AX 


4+1 > 


-E 


8n,cr{£),Xr, 


(AMi 


2 I y^^n,0'(£),An _ 


ife+1 / P4+ 


= x 


^fc+1 


fc =0 

n—1 

E 


AX 


4+1 


k =0 Jo 




AMi,.,Jy 


4+11 ^ ifc+1 


dn,cr{£),Xn _ 


= x 


^fc+1 




V - Xt^)ds{Nl° -X^O), 

<(-fk '= 


(4.3) 

(4.4) 
d£, (4.5) 

(4.6) 

(4.7) 


/c=0 

n—1 

E 


V 6 n 


1 j,0„,cr(£),A„ 




^^yJ^Jo LX4 

An\ \ \r^n,0-{i),\r\ 




X (M,t^ - = X*,,, 


d£. 


(4.8) 


We then proceed similarly as in the proof of Lemmas 14.41 and 14.61 using the arguments of 
large deviation type estimates established in Lemma 16.61 in order to deal with (I4.3|) - (l4.6p . 
Moreover, due to A„ appearing in the denominator of (I4.5p - (l4.6p . we need to use in this 
case the decomposition 1 -? +lr +lr +1? instead ofl-? +lr +lr , where 

JO,k 01,k •J2,k J>3,k Jo,k Jl,k ■J>2,k 

J>o,k '■= {AXt^^j > 3}. On the other hand, when treating (I4.7p - (j4.8p . the decreasing rate 
condition uA^ —)• 0 as n —00 is needed for showing Lemma 13.91 (i). Thus, the desired proof 
is now completed. □ 


4.3. Main contributions: LAN property. 

Lemma 4.9. Let r(6)o,(To, Aq) he defined in Theorem, \2.1\ Then as n ^ 00 , 

n—l ^ - - 

^{^k,n + Vk,n +fik,n) -^ zW (0, r(6'o, do, Aq)) - -2:*F(6'o, O-Q, Ao)^. 

fc =0 


Proof. Applying HI Lemma 4.3] to Ck,n = f,k,n + dk^n + fik,n-, it suffices to show that 


n —1 


^ ^ E T 'dk,n T (Jk,n\Xt). 


pSO'O'oAo 1 


k =0 

n —1 


2 26»i 


1 H-o-^-T ~ 


k =0 






- E 


^k,n\Xt 




pOQ,aQ,XQ u 


2 


dn 


1 + 


2 ag 


w 




dn 


, (4.9) 
(4.10) 
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n—1 


E E 


A:=0 

n—1 

E 

n—1 


2 1 

-(e[ 


-(''I 


^ Ck,n'nk,n\^tk 
k =0 
n—1 

y~l (^E Ck,n/3k,n\J^tk 

k =0 

n—1 

^ ^ (E 'l]k,nf^k,n\^tp^ 


-E 


Vk,n\J~ tj, 

^k,n\J^ti^ 


2\ p0g,a-Q,AQ 2 

-^ V 


<7, 


2 ’ 


2\ pSQ.^oAo 


CTn 


-T 1 + T^ 




E 


%,n|-Ei 




- E 


- E 


Ck,n\^tk E fik,n\^tk 


pSo>°'oAo 


p®0’°'oAo 


0 , 


0 , 


fc =0 

n—1 


y~l E + /3| „| Jtj. 


E Pk,n\J^tk 

peg,(TO,Ao 


p0o,CToAo 


0 . 


k =0 


Proof of ()4.9I) . Using = 0 and Lemma [321 as n ^ oo, 

n—1 




k =0 


■2a2n^ ' 

0 fc=0 


2 P^O’^O’-^O 


f 

2o'n Jr 


a^^7r0g,o-o,Ao(rfa^) 


On the other hand, using the ergodicity of and Ito’s formula, we get that 


/ 

Jr 


a;^7r6)o,o-o,Ao('ia;) = lim E 

t—>-+CO 


X 


^OicroiAo 




Next, since E[{ABt^^^)‘^\Btk] = ^n, we have that as n —)• oo 

^ ^ >^-1 /.l _2 „^',()^2 ,,2 

^E 


fc =0 


"kl -w 


2 

y^- 


By Lemma 16.71 we get that 


as n —>■ oo, 


n—1 

Ee 

k =0 


'k,n\J~t^. 


2 1 *^”1 /■! 
w uw 1 sr-^ 9 / 

2 ff2 ~ ~j 

2cJo ctq n Jo 


A(^) 




pflo.'^oAo 


2a2 2Ao ■ 


Here, we have used Lemma [3l8l the ergodicity of X^^wo.Ao^ (11.21) to get that as n 

n—1 


- ^ ^ ° [ ^^So,aoMidx) = lim E 

n Jr t^+oo 


X 


flowoiAo 


= 0 . 


k =0 


Thus, we have shown (14.91) . 

Proof of (14.101) . Observe that as n —>■ oo. 


n—1 


yy (E Cfc,n|y 






E^.) 


k =0 


4cJn rk 

0 fc=0 


(4.11) 

(4.12) 

(4.13) 

(4.14) 

(4.15) 

(4.16) 

(4.17) 


—)• oo, 
(4.18) 
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Using properties of the moments of the Brownian motion, Lemma 13.81 and (I4.17p . we get 


n—1 


k=0 

which concludes (|4.10l) . 


n—1 


i E ^0^4 + 


v ?^ p0O,a-O,Ao V? 


UnU - - 

" fc =0 


4n 


20n 


Proof of ()4.11l) . First, observe that for some constant C > 0, 

n-l ^ 2 / /■! ^2 


k=0 




k=0 




'0 


a(£f 


di] <-. 

n 


On the other hand, since and E[{ABt^_^^)‘^\Ft^] = SA^, we get 


n—1 2 ( / r 

k=0 ” k=0 




- 2 
o 2 


f 


A. 


""di -^diE 

Jo 


0 cr(^) Jo 




+ 


An 

cr(^) 




O', 


2 ’ 
0 


as n —)> oo. This concludes (j4.11|) . 

Proof of ()4.12p . First, using (I4.17P and Lemma [6Tl we get that as n ^ oo, 


n—1 


n—1 


J2[^[Pk,n\Xt,\) =J2 

k=0 k=0 

^n —1 q 2 


Up' UW vP P £ 

Xf, — 


2c7Qn PqU 




n Jo X(£) 


dt] 


Next, we write nlAr] — 5„,i + 5„,2 - 25„,3, where 


It; 


n—1 


' <rtnA„ — 


Ee 




2 pnAn pnAr, 


Sn,2 : = 


Sn.H : = 


w 


2 n-l 


nAi 


w 


Ee 

A:=0 

2 n-l 


J _itAO ,A(£) 




Ee 


A(t) 


0'oAi?t^_^j + 


■^£fc+l ■‘■tk I'^ifc+l 




^fc+1 


X 




wAr. 


+ 


uAx 


2 pnAn pnA 


--X, 


J‘k 


'\L A(C®-". 


6 n,cro,X{l) 


^fc+1 ^A: I ^fc+1 


= X 


J-k + l 


d£\X^ 


^k 


Using properties of the moments of the Brownian motion, p4.17p and p4.18p . we get that 

pSo.t^oAo 2 

bn 1 —>• -3- as n —>■ oo. 

’ °'o 

Since - A(^)An, we write Sn ,2 = Sn, 2,1 - 25n,2,2 + w'^An, where 




n,2,l : — 


W 

nAj 


n—1 

■ee 

k=0 


f 


1 jj,9n,ao,\{£) 

X{£) 




dn,cr(},\{i) _ 


= x, 


ik + 1 


d£\ X 


^k 
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2 n—1 „i ^ 

S»«: = -E/ wE 
n a A A(<) 


E 


0to,(to,A(£) 




pfl. 




1 ^—^— p^0’‘^0’'^0 

Observe that Lemma 16.71 yields Sn, 2,2 —> 0. Moreover, adding and subtracting the 

term inside the integral, we have Sn, 2,1 = >S'n, 2 ,i,i + 5'n,2,i,2 - 25 ^, 2 , 1 , 3 , where 


w 


n—1 


5n,2,l,l • — 


5, 


n,2,l,2 : — 


nAn 
" k =0 

9 n—1 

nAn ^ 




5, 


n,2,l,3 : — 


w 

nAr, 


k =0 

n—1 


m 


Ukdi] \Xt, 




Proceeding as in the proof of Lemma IT6l one can show that Sn, 2 , 1,2 and Sn, 2 , 1,3 converge to 
zero in P®°’°'°’'''°-probability as n —)• 00 . Moreover, since E[(AA^tj.^= AoA„ + (AqA^)^, 


p0A,(TA,Af» O 

we deduce that 5'n,2,i,i —^ ^ 


Next, we show that Sn 3 


which implies that Sn ,2 

p 60 ,tTQ,XQ 


pOf), itq.Xq ^2 

^ Ao 


as n —>■ 00 . 


0 as n —)• 00 . Using Lemma IGT tI it suffices to show that 


,,,2 ^-1 rl 1 

5n,3,l = -^ 

^onAn ^ Jo X[i) 


ABtk+i'^Xt, 


0n,<TO,A(£) 


rm 


MX ’ - ’\Y1 


AW |T^6nW0,A(^) 


tk + \ 


I ^fc +1 


= x 


tk + 1 


X 




di 


converges to zero in P^°’°'°’^°-probability. Eor this, using the independence between B and N, 
and Cauchy-Schwarz inequality, we get that 

n—1 


W 


5n,3,l| — 


< 


cJonA^ 


E 

k={l 

n— 

E 


1 


0 A(£) 


2 n—1 „i 

lU f I 


E [ABt^^^Uk\Xt,] di 
(E [Ui\X,^]f^ di, 


aonx/Aj^^Jo |A(f)| 

which converges to zero in P®°’'^°Ao_pj-obability as n —)■ 00 by proceeding as in Lemma 14.61 
Consequently, the proof of (14.121) is now completed. 

Proof of (14.131) . Observe that 


n—1 


n—1 


^ E ='^E^f,k^n\Xt^, E r]k,n\Xt^ 


9 9 n—1 

^^0^ k=0 ■^0 


ap + a{i) 
a{i)^ 


idi. 


k =0 k =0 

Therefore, Efc=d(E[4,n%,n|XtJ - E[f,k^n\XtjE[r]k,n\Xt^,]) = 0, for all n > 1. 

Proof of (I4.14p . Using again Lemma IBT tI and Lemma [T8l we get that as n —)• 00 , 


n—1 


E E [&. 


n\Xt^, 


k=U 


E 


ldk,n\Xtk 


9 9 n—1 

U W 


Aa'krP 
0 fc=o 


/ . + ^42 ^ ^tk + 9 2 / 

^ 2(7^71^ ^ 2crnn Jq 


2cj^re2 
0 A:=0 


2o-^n Jo X{i) 


di 
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pSq.ctqAo 


0 . 


Moreover, basic computations yield 


n—1 


n—1 


9 9 n—1 


E E 5 E E E 

k=0 ^ k=0 ^ k=0 ^ k=0 


n-1 . 

uw ^ f J_ 

(^onAn ^ Jo X{i) 

n-1 „ 

W)' 


E 






^fc+l I ^/c + 1 




ifc+l 


Xt, 


di 


9 9 n—1 


lanTl"^ 

^ fc =0 


which converges to zero in -probability as n —)• oo. Here, we have used Lemma 16.71 

Lemma ElSl (|4.17l) . (|4.18p . and proceeded as for the term Sn^o^i- 

Proof of (j4.15p . Using again Lemma [6771 and p4.18p . 

n—1 


E [%, 


n\Xtk 


E 


h,n\Xt 




w^-v- r cro + cr{^) „,n , uwv'^'^ ao + a{£) 


k=0 


2aln Jo <t(£)3 


-£di + 


anV? 


_ f- pi 

E-^'. / 

fc =0 


a{lY 


Me 


Jo cr{^r Jo 


+ 


n Jo cr{^)^ Jo X{e) 

which converges to zero in P®°’'^“’'’'“-probability as n —)■ oo. Next, 


di, 


n—1 9 2 /* 

r ^ 1^1 ^ f 

[Vk,nPk,n\Xt,\ = ^ 


k=0 

+ 


nP'v^ fjo -|- aiP) uwv 


a{eY 


VJ^V 


'Jn 

n—1 


de 

) (^{^) Jo 


-de + 


UVOGn 


ide + 


de 


E^., 


(To -b (t{ 




-edi 


k=0 


X{e) nAny/KJ Jo 0'(^)3 


X 


E 

k=0 ' 


A(^) 


E 






ifc+i 


h I h+i 




tk + l 


\x, 




de. 


which converges to zero in P^°’'^°’^°-probability as n —)> oo. Here, we have used Lemma Ml 
(14.181) . and proceeded as for the term S'n, 3 ,i- 

Proof of (I4.16h . Using Lemma [3^ as n ^ oo. 


n—1 


fc =0 


lb—± Q ^ n—1 / 

EE[d»i4]<^EYt 3.^3 + 


(TnU^ 

^ k=0 


U X - j . \ pSq.itq.Aq 

I 


0. 


Next, it is easy to check that for some constant U > 0, 

n—1 


[<n\Xt, 


k=0 


< 


c 


n 
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Finally, applying Jensen’s inequality and Lemma 13.81 we get that 


n—1 

Ee 

k=0 




< 




n^AHcr; 


Ee 


n^O U-, 


k=0 


( aoABt 




fc+i 


+ 


wAr 


+ 


uAr 


2y/nAn \/nA 


Xt, 1 IX 




+ 






E 

k=0 ■ 


x{iy 


-E 


E 


6»„,cro,A(£) 

Xt, 


( |y0„,(7O,A(£) ^ 

y ^fc + 1 J I ^fc+1 


= X 


*fc+i 


X 


^k 


d£, 


which converges to zero in -probability as n —>■ oo, since E[(Ai?ij,^j)^|Xij,] = 3A^ and 


E 


E' 


8n,ao,X{i) 

Xt, 


M 


AW _ j^ymY |y;®"-^o,AW ^ 


tk+l 


Y" 


J I ^fe+l 


= x, 


ife+1 


X 


^k 


< CAn, 


for some constant C > 0 and n large enough, using the same arguments as in Lemma fb.71 □ 

Consequently, from Lemmas 14.1114.91 the proof of Theorem 12.II is now completed. 


5. Conclusion 

Considering the SDEs whose jump part is characterized by the stable laws makes the 
problem simpler to handle thanks to the semi-explicitness of the density of such processes 
(see Ait-Sahalia and Jacod [T], and Clement and Gloter my In our context, we have shown 
that the Malliavin calculus is a powerful tool for the stochastic analysis of the log-likelihood 
ratio of diffusions with jumps. Besides, we need to condition on the jump structure and use 
large deviation type results. We believe that the argument we introduced here can be extended 
to more general cases where the transition density is not explicit, with further arguments. In 
fact, in m we have used the same methodology presented here to treat a multidimensional 
ergodic diffusion with jumps whose unknown parameter appears only in the drift coefficient. 
However, there is an extension of the result of this paper that we should think about in our 
future work. As we mentioned in the Introduction, the case of general SDEs with jumps whose 
unknown parameters appear in the drift and diffusion coefficients and in the jump component 
remains an open and difficult problem. This issue will be treated in future research. 


6. Appendix 


6.1. Transition density conditioned on the jump structure. For any t > s and j > 0, 

we denote by — s, x, y) the transition density of conditioned on = x and 

Nt — Ns = j. The convolution formula for the sum of independent random variables yields 


-s,x,y)=f2 - s, X, 


3=0 


First, using equation (|1.2I) . we have that 

-s,x,y)=F (xf = x, W - X, = o) 

= p(^a = y- + -^(1 - e-®(^-"))|xf’‘"’^ = x, W - X, = 0 


(6.1) 
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^0-2(1 _ g 2e(t s)'j 


: exp 


{y — xe + |(1 — e ^)))" 

l(j2(l _ g-26»(t-s)^ 


( 6 . 2 ) 


For any j > 1 and s < si <■■■< Sj < t, we denote by s, x,y] si,..., sj) the transition 

density of conditioned on = x, N^ — Ng = j and {T^’^ = si,..., Tj’* = Sj), where 

... with s < TI’^ < T 2 ^ < ■ ■ ■ < t are the jump times on [s,t] of the Poisson process 
N. Given Nt — Ng = j, by conditioning on the jump times ... ,Tj’^) which are then 

distributed as the order statistics of j independent uniform random variables on [s, t], we have 

-s,x,y)=P (Xf =x,Nt-Ng= j) 

P = x,Nt-Ng= j, = si,..., T/’* = s,) 


'{s<Sl< -<Sj<t} 

X p (r*’* Gdsi ,..., r/’* e = x , Nt - Ng = j) 


- s, X, y;si,..., Sj)dsi ■ ■ ■ dsj. 


{t s)^ J{s<si<...<Sj<t} 


(6.3) 


Moreover, using again equation (II.2p . definition of stochastic integral w.r.t. Poisson process 
and setting S := we get that 

- s , x , y , s ,,..., sj ) = P (Xf = x , Nt - Ng = j , T/’* = si,..., T/’* = s,) 

= P ^ = y - 

+ ^(1 - = x , Nt - Ng = = SI,... ,T/’‘ = s,-) 

= P(^a^ = y - + -^(1 - 

_ (^ e -^ d - si ) + ... + \ xl’^,x = x , Nt - Ng = j , = si,... , T/’* = 

(y - + |(1 - e-®(*-^)) - { e -^ d - si ) + ... + e-®(^-^j)))^ | 




exp 


(6.4) 


For k € {0, ...,n — 1}, consider the events Jj^k '■= = j} and Jj^k ■= = j }. 

By conditioning on all the possible number of jumps and jump times of the Poisson process 
occurring on [ tk , tk + i ], we have the following change of measures via the transition density 
conditioned on the number of jumps and jump times. 

Lemma 6.1. Let f be any bounded function . For any k G {0,..., n— 1}, (0, <7, A) G 0 x S x A, 


E[f{Xt,^^)\Xt,]=E /(<’;f)Zl(A„, 


X 


e,a,\ 

tk ■ 




0,a,\ 


= X 
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where, setting := {(si, ..., sj) : tk < si < ■ ■ ■ < Sj < tk+i}, 

( 6»o,o-o,Ao 

9(0) 


+f:(T 


i=i 


6o,cro,Xo 

X ) Lj Si, . . . , Sj)dSi ■ ■ ■ dSjY 


and {Xfe, Si, • • •, sX := = j, = si,..., = s,}- 

Proof. Observe that 

E 


oo „ 

[/(V,.„)|X,.] = E + E / T . d,,...ds, 

= [ f{v)q,°r'^%^n,Xt„y)dye-^^^- 

+ £ X. X /(y)9(;r’"°(^n, y; 81 ,..., , 

J —1 k 


■dsi ■ ■ ■ dsj 


^ (A-Ao)A, 


j=i 


8o,ao,\o 

^°La > y)dye-^^^ 

^ 9(0)’ 




/(y)-4^4^’^(An, A4,y;8i,... ,8j)dye (^A,,) j_ 

: J- A^ 


^nj J' 1 1 

j\ 

□ 


which gives the desired result. 

Next, we have the first crucial estimate. 

Lemma 6.2. Let {9,a,X),{9,a,X) G 0 x S x A, and set cJi := ^(1 — and '■= 

^(1 — Then there exists a constant C > 0 such that for all k G {0, ...,n — 1} and 

j > 1, the following estimates 


E 


E 


1(1, . .... ,j) ] |x(f ^ = 

V %) / 


■l’ 


< Ce-^^’^X^, 


If I 1 

^0 fc I 0,cr,X ^ *k ’ tfc+l 'I I *k 

' 9(0) ' 


hold for any p > 1 if (J 2 > cri, and for 
remains valid for . 


<C, 


tk 

any p G (1, */o '2 < ti. Moreover, this statement 


Proof. Using (16.4p . we get that for any p > 1 if 0-2 A o'!, and p G (1, if cr 2 < <ti, 


E 


i{j„.,...f ■ ■ ■ “j)j K’"' 


= X 
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= e 


-AA„ j! f e,a,X 


j'- aI 


x, y; si,... ^dy 


= e 


„-AA, 


A^' 


(7rcri)2 (7r(j2) 2 ^ 


X exp < 


-P 


y _ ^Ati _j_ _ g ^An^ _ Si) _|_ . . . _j_ g ^(i/c + 1 ^j) 

Tl 


X exp I ~ P'^ 


{y — xe ^^" + ^(1 —e — (e *i) + --- + e 

0'2 


dy 


for some constant C > 0, where we use the fact that the dy integral is finite since — + > 0 

for any p > 1 if c72 A ci, and p € (1, if (T 2 < <ti- This shows the first inequality. Using 

()6.2p and the same arguments as above, we conclude the second inequality. □ 

As in Propositions 13.ll and 13.31 we have the following explicit expression for the logarithm 
derivatives of the transition density conditioned on the number of jumps and jump times. 

Lemma 6.3. For all {9,a,X) G 0 x S x A, k £ {0,..., n — l},j>l,/3£ {9, a}, and x, y G M, 

0,cr,A 


(A„, 1 , 9 ; , s,) = TeJ-A [j = y, J,,y, 

+ ^ l^fc +1 ~ Si, . . . ^ Sj 


9,a,X 

%) 

d 

Vi A {An,X,y,Si,...,Sj) = 

^( 3 ) 


a 


0,(T,A 


^/3'?(0)' .. . 1 


d 


«(0) 

, S,crX 
'A 9(0) 

g,(7,x 

^(0) 


’^{Ary, X, y) = 6 x)) = y, Jo,k 


-(An,x,y) = E; 


0,0-,A 


AWi 




ife+i I '‘h+i ^tk |.^0,(t,A 


+ 


cr 


A 


tfe’+i “ 


where the process U^'^'^{tk,x) = (Ufx), t G [tfcjtfc+i]) defined in Proposition \S. 1 


Proof. Let / be a continuously differentiable function with compact support. The chain rule 
of the Malliavin calculus implies that x)) = Di;{f (tk, x)))!!^^’^{tk, x), for 

all (9,o-,X) £ 0 X S X A and t £ [4,4+i], where x) := x))“^ 

Using the Malliavin calculus integration by parts formula on [ 4 , tfc+i], and the independence 
between lU and (M, 




//tx0,O-,A / 


W,a,X, 


1 


= 

An Utk 


ftk+l 


Dfif{Yyfyi\tk,x)))Ur’^{tk,x)dpYy^^^^^ 


r6/,o-,A/ 
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= 

A„, 




^0,(7, A / 


7-0,0-, A/ 


On the other hand, using the stochastic flow property for all 

0 < s < t, and the Markov property of diffusion processes, we have that 


df^E 

and 




fiYtk+i^{tk,x)) = j /(y)5^g|'j^’^(A„,x,y;si,...,Sj)e (-^^n) J^dy, 

J M 


f- Al 


E 




re,G,\( 


r0,cr,A / 


^ f{y)E [6 (dpY,^;l[\tk,x)U^'^^\tk,x)) = y ,= x, Si,... , s,- 


X 9 ®j^’^(A„,x,y;si,...,Sj)e 


-AA„ (AA„)^- j! 


f- Ai 


rdy- 


This shows the hrst equality. Moreover, using the same above arguments and proceeding 
similarly as in the proof of Proposition 1,3.31 we derive the other expressions. □ 

As a consequence, we have the following estimates. 


Lemma 6.4. Let {9,a,X),{9,a,X) G 0 x S x A, and set ui := ^(1 — e ._ 


^(1 — Then for any p > 1, pi and p 2 conjugate with pi > 1 if <J 2 > ui, and 

Pi £ (f; a^-a 2 ) *^2 < <Ti, there exist constants C,q > 0 such that for all k G {0, ...,n — 1} 

and j > 1, 


E 


dei 


0,o-,A 

(i) 


{Jl,i,,si,...,si} e,a,\ ,Si,...,SjJ 


%) 


K’"’" = ^ 


< CA 2 


\ \ ^ 1 

(e-^^"A^')w (l + lx|9), 


E 


do 


e,cr,\ 


%) 


I ) ( A \/-0,(J,A -\7-Q■,(T\ 1 I -\rU,A 

1 ^e,a,A ;si,...,Sj-) I -x 


^0,cr,A 


< ^ (1 + |xl^), 


E 


dxi 


e,a,\ 

U) 


I _ (/\ ^e,a,X 7. I \vti,cr,A_ 

{Jl,A,,si,...,si} 0,0-,A ■ • ■ >I \^tk 


re,u,X 


%) 


X^ ^ 


E 


< CA^2 g(A-A)A„ j (g-AA„^i)-^ 
e,a,X \ P 


^ A vSYX vSYM 1 I 71- 

Yok I e,a,X >^4+1 ) I \^tk 

^(0) 


0,cr,A 

= X 


<C7A2e(^-^)^"(l + |x|''), 
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E 


E 


d o ,(7.X 


.j , 1 lx, 

Jq ^ I 0,cr,X ^ ’ ^k+l ■' I I 

^(0) 


0,cr,X 

= X 


O 0 ,( 7 ,A 

^A9(o) 


00 A: \ 0 ,cr,A '' ^k ’ Cfc +1 | I 

9(0) 


^ 0 ,( 7 , A 


< (1 + |x|''), 


Proof. Applying Lemma 16.31 and Jensen’s inequality, we obtain that for any j > 1 and p > 1, 

p 


E 


o 0 ,( 7 ,A 

{5***5^J } I „0;Cr;^ 
%) 


(A„,xff’\xJ;f;.i,...,s,) |X, 


9,a,\ 


= X 


= E 


1 


X —E®’'^’^ 

VAn ^ 

^ ^ f ^S,a,\ 

< 7^ / 

./TIJ 


J (x) J 4^, si,..., s, 


7 - 6 , 0 -, A/ 


0 ,( 7 ,A _ y' 0 ,( 7 ,A 


P - - 

1^4 = ^ 


x)\ ■ |y;;;;" = y, 4 ^, Si,..., s, 


jO,(7,X 


P \ .^r9,(J,X 




y A^„ 


AP® 

AAn 


(A-A)A„ 


X E 


6,0,A 


A 
A 

6,0,A 




0 ,( 7 , A 
'^(J) 


/ A '\/- 0 ,( 7 ,A '\/- 0 ,( 7 ,A \ 

(AnjL^T, ! 


‘■{y,fc,si,...,Sj} 6 ,o,A 4 ’ ife+l 

%) 


Next applying Holder’s inequality with 77 + = 1; Lemma (6?^ and (I3.16p . we get that for 

any j > 1, p > 1, pi > 1 if (72 > CTi, and pi G (1, ^4^) if '^2 < cri, 


E 


r\ 0 ,( 7 ,A 

^-9(i) 

{0j,A: } I 


(A„, Xf4\ Xj"f; SI,...,.,) 1 = X 


%) 


f-fc+l 


0 ,( 7 , A 
^k 


< J_p(A-A)A„ 

- A^" 




E' 


6 ,o,A 




0 ,( 7 ,A / 


PP2 


X e: 


6 ,o,A 


6 , 0 , A 
^0) 


pin 




Pi 


< CeA-^)^" (e-^^"A^)« (1 + |a:|«), 

for some constants C,q > 0. This concludes the second inequality. The proof of the others 
follows along the same lines and is thus omitted. □ 


As a consequence, we have the following crucial estimate. 

Lemma 6.5. For any random variable Z, k £ {0, ...,n — 1} and j > 1, there exist constants 
C,q > 0 such that for n large enough, for any qi,q 2 ,qz > 1 conjugate, pi > I, qi,q 2 ,Q 3 > 1 
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conjugate, > 1, gi, ^ 2 ) Q '3 > 1 conjugate, and pi > 1, 


E 


Z1 


%) 


00,0-0,Ao 
%) 




0n,cr(£),An jj^0n,cr(£),A. 


^fc+1 


‘;si,...,s,-)-l lx, 


rdn,cr{£),\n _ 

^tk 


= X 


< -^ (1 + |xr) ] (e 


\fn 

+ (e 


a-i ( Xn \ *^2 


Ao, 


j_ 

I 93 


qi \ 3j^^^n,0-(£),An _ ^ 


X [E 
and 


\zr\xz 

\zr\xt: 



(e ^°^"A^)pi 92 (e '^"^"A^)93 + 


— An^n 


0 aAq + 


wh 

\/nAn 


qi I y^^ra,0-(^),An _ ^ 


e-(^o+OT)^-(Ao + -^^y) {e-^-^-Xi)ndh 


E 


XI 


0o,o-o,Ao 

9(0) 


’^0,k I ^n5<^(^);A77 

9(0) 


\/nA^ 


^ iCr('^)! Att, )Cr(^) lAn \ | I )Cr(^) lAn 

ifc ’ ^fc+1 ^ ^ I \^ik 


< ^ (1 + Ix^) <1 (e = x' 


(e [ixr^ix, 


dn,a{£),\„ 


= X 


+ E 


|^|qi I J^^n,0-(^),Ari _ 


So,<^0,^0 „S0,<^0.^0 a (P\ \ a (P\ \ 

Proof. We write = 9 n,lw,A„ ’’ ’’ ";si,.. .,sj). Observe that 

%) '^0) 

0O,O-O,Ao 00,0-0,Ao 0O,O-(£),Ao , 0O,O-(€),Ao 0n,O-(£),Ao , 0n,O-(£),Ao 0n,O-(£),An 

^0) _ ^ ^ %j %) + ^0) %) + ^(i) ^(i) 


0n,O-(£),A' 

%) 


6n,a(£),\r, 

%) 


iv ^o-<?(j) 


So,cro + ^Xo 


n ®™, 0 -(^),An 
%) 


0o+^S^,<7(Q,Ao 

^ ^ ^^9(j) ^ u; dxq^j) 


0n , 0 -(£),Ao + 


s/nK^ 


This implies that 


E 


XI 




0o,o-o,Ao 

%) 


0n,o(£),An 


V’T-Ari 


9n,0-{£),Xn 

%) 


%) 


-1 lA 


0n,O-(£),A„ _ 


= X 


<S, + S2 + S3, 


where 


5i := 


52 := 


n 


\u\ 


\/nK. 


E 


f 


XI 


0o,o-o + '^,Ao 0o,o-o+^,Ao 

S"9o) 9 o) 


^Xq ^n,cr(^),An 

%) 


-lA 




= X 


dh, 


dh. 


n JO 


E 


XI 


o ®0 +^/A^,o-(£),Ao 0o+^^/^^,o-(^),Ao 

^(i) I v9n,a{£),\„ _ 


{Jj,k,Sl,..-,Sj} 00+ ,0-(^),Ao 9n,u(£),\n 

(?(j) '^(i) 


■1^, 




= X 


dh, 
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5 , : = 


\w\ 


y/nA. 


n Jo 


E 


Z1 


e„,a(e),Xo+ 

%) 


9n,0'{i),Xo+ ^n,0'(^),Ar, 

In; 


Y^n,(n{£),Xn _ 

® 


dh. 


First, using Holder’s inequality with g^,g 25?3 > 1 conjugate, Lemmas [6]2] and [63] where notice 
that 6n tends to 9o, and cto + ^ and a{i) tend to cto as n —>■ oo, we get that for n large 
enough, and for any > 1, 


Si < 


Vn 


(^E =x'^ 


/ 



/ n «o,<to+^,Ao\ 

92 

\ 

E 

V 

1 ^ 


j = X 



•>3j} 

^o,o-o+^,Xo 

/ 


X 


E 




/ ^o,-o+^,Ao\ ^3 
%) 


_ 1 _ 

92 


\ m 


9n,cr(£),XTi 


Y'9n,0'{£),Xn _ 

® 


93 


dh 


< C'-^(E[|Z|''i|xJ”'^^^^’^" = x])ue « 


n 


1 w I An \ 3 \ A • 1 ^ A -1 

92 (1 + Ixl*^). 

AO 


Next, using Holder’s inequality with qi,q 2 ,q 3 > 1 conjugate, Lemmas l6.2l and [63l where notice 
that 00 + A and 0„ tend to 0o as n ^ oo, we get that for n large enough, and any m > 1, 

V 


So < 


\/reA 


n Jo 


E 






^k 


= X 


91 


/ 

E 

l/T 

.,sH 

00+^4= ,^W,Ao^ 

«»9e) 

92 

j = X 

\ 

V 



i %) / 

1 

/ 


92 


E 


1^1 V ■ } 


/ ®o+T7ll=>^W’^o' 

!L)_ 

6n,cr{£),Xn 
\ %) 


<?3 


X, 


8n,cr{£),Xn _ 

£k 


= X 


93 


d/i 


< C-9=(E[|Z|''i|xf"’‘^^^^’^" =x])9ie 92 


|u| 

i/n' 


1 w An \ 3 \ A • 1 X A -1 

92 (e“^0^"AQ)P192 (e“^"^"A^)93 (1 + Ixl*^) . 
Ao 


Finally, using Holder’s inequality with qi,q 2 ,q 3 > 1 conjugate, Lemmas 16.21 and 16.41 where 
notice that cJi = 1 T 2 = ^^^(1 — we get that for any pi,p 2 > 1 conjugate, 


53< 


\W\ 


y/nA. 


-f 


E 




£k 


,a{£),Xn _ ^ 


91 
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X E 


E 


V 






_ 

0„,<7(£),Ao+-^ 

V %) 


92 


I Y6n,CT(^),An _ 


( ^niCr(£),Ao + - 


93 


0n,cr{£),\r, 


< CA 


P212 2 1'^^ 


r 


X e 


^/n 

-(^o+:7^)a^ 


E 


\ '^(i) 

91 I 'y^0n,^{£')^^7i _ 


Z X 


wh 


= X 


I ^6n,0'(£),A„ _ 


1 / wh 



g 92 ^ Vn^n \/nZ 


An + 


wh 

/nAn 




< c 




Jo 


E 


91 I Y-^n,cr(£),^n _ ^ 


X e 


(Ao + 


— 1 / i(;h. 


g 12 ' VnAn \/nZ 


Ao + 


wh 

/nAn 




\/rjA^ 


)9 


where p 2 and q 2 are chosen in order that P 2 q 2 < 2. This concludes the first inequality. The 
second inequality is proceeded similarly. Thus, the result follows. □ 


6.2. Large deviation type estimates. For all p > 1, A; £ {0, ...,n — 1}, and i £ {0,1}, we 
set J>2,k ■■= {^^ 4+1 > 2}, J> 2 ,fc := {AMt^^^ > 2}, and 

Mt?" ; = E [ij. ^ ((AiV,.„)f - eJ;" 


M. 


l,P 

0,(7,A ^ _ 


>2,p 


: = E 

: = E 








For jump diffusions calls], a large deviation principle is used by conditioning on the jump 
structure to derive the large deviation type estimates in [121 Lemma 2.4] and |13l Lemma 
5.4]. For the 0-U process (11.11) . the following analogue large deviation type estimates hold. 


Lemma 6.6. Let (0, tr. A) £ 0 x S x A such that \6o — 9\ + |Ao — A] < |cro — cr] < 

for some constant Cq > 0. Then for all p > 1, k € {0, ...,n — 1}, and n large enough, there 
exist constants C,Ci > 0 such that for any a £ (0, A), pi > 1, > 1 with piqi < 2, and 

hi ^ (1) 2), 

^j9,a,x ^ ^ J^g-C7iA2“-l ^ ^ ^ 

< C ^ , (6.6) 

M///<CAt. (6.7) 


Proof. We start showing (16.51) . Multiplying the random variable inside the conditional ex¬ 
pectation of Mg’pby 1 ^ -|- ^ + ^J >2 k ^PPly™g Jensen’s inequality, we get that 
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where 


: = E 

<2^ ^ = E 


I 7 

I 7 E®/’^ 










X 




Proceeding as in Lemma IHTTl to change measures, applying Holder’s inequality with = Ij 

Jensen’s inequality, and Lemma [62] where notice that 0 —>• 0O) c ^ co as n —>■ 00 , we get 

^AAti 


M, 


6»,cr,A 

0,1,p 


D Ao A, 


-E 


PoiCTOjAo 

_ 

Jo,k d,cr,>~ 
9(0) 


' ik ’ tfe+1 Atj. L Ji_fc I ifc+1 


,CFy\ _ I _ 


h+i 


X 


< E 


X E 


Jo,k 

e,(T,\ 


9q,uo,\q 

%_ 

0,(7,A 

«( 0 ) 


Pi 


(A„,xfytxJ;f) 


hfr-'= 




1 

Pi 


= X 




^7 

Jo,k -^tk 


|'y,^0,(J,A ^0,(7,A 


lx,";"'" = X,. 


I ^fe + 1 tk + 1 

<c(K°.t)”’ 

for some constant C > 0 and n large enough. Here, using Bayes’ formula, we get that 


Kuup : = E 


= E 


E' 


e,cr,A 


Jo,k 

0,0-,A 


|y^0,(7,A _ ^0,(7,A 


^l,k ' ^fc+1 ^fe + 1 

7-0,(7,A -i7'0,(7,A\ —X A 


^k 


•^6,a,X _ xr 

A,, - 


I \r6^(T^X _ 

\^tk - Yk 


/■^d) lA„,At„yje 

X- pV.A(A„.X,..,) -% (A„,X,.,i,)e dj,. 


We next divide the dy integral into the subdomains Ji := {y G M : |y — X^^e + ^(1 — 
g- 0 A„)| > J 2 := {y G M : |y - f (1 - e-®^")| < A"}, where a G (0, \), 

and call each integral and Mq’'[’^ 2 p- XVe start bounding By (I 6 .ip . 

p^’^’\An,Xt^,y) > ql{^’\An,Xt^,y)e-^^-XAn. ( 6 . 8 ) 


I |2 1^1 1^1 

Then using (16.21) . the equality e~'^' = e ^e valid for all a; G M, and 1—< 


- 20 A„ 


< 26An, 


"^"-^0,1,1,i,p — [ 9 ( 0 )’ i^n,Xt^.,y)dy 
J J\ 


'■h ^ fcr2(l — 


exp 


(y-W,e-^^" 


+ |(l-e-®^-))^ 


icT2(l-e 


-20 A„ 


dy 


_ 1 

r T^T) 


<6 4(7 


•h hLcj2(x-e 


-20A„ 


exp 


{y-Xt^e ®'^" + f(l-e 

2^2(1 _ g-20A„) 


dy 


_ 


C^6 4ct 
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for some constant C > 0, since the dy integral is Gaussian and thus finite. Next, by (|6.1I) . 

(6.9) 

Then using (16.3p . (16.4p . and Fubini’s theorem, 

K'JaXp ^ [ qll^’\An,Xt„y)dy 

J J 2 

{y - + ^(1 - 


< 


/■h+i r 
dtk d J 2 


A 


X ,/|(t 2(1 — e-20A„^ 


: exp 


1^2(1 _ g-20A„^ 


dydsi- 


Notice that e < e ®(h+i ^* 1 ) < fgp g [tk,tk+i]- Thus, e ®(h+i * 1 ) > i for n large 
enough. Moreover, on J 2 we have \y — + |(1 — < A“. Therefore, using the 

inequality |u + up > -|up, valid for all ti,u G M, together with a G (0, |), we deduce 

2 


y - + ^(1 - 

0 


^—29(tk+i—s{) 


> 


A 




> - - A^" > —, 
- 8 " - 10 ’ 


I |2 1^1 1^1 

for n large enough. Therefore, using again the equality e~'^' = e ~e ~, valid for all 
X G M, and the fact that 1 — < 26An, we obtain that for n large enough. 


0,l,l,2,p — 6 


1 A-l 


rtk+i r 
Jtk J J 2 


A 


-20 A„ 


X exp 


{y - f (1 - 


|a2(l-e 


-20A„ 


dydsi 


< C'e"35^'^" , 

for some constant C > 0, since the dy integral is Gaussian and thus finite. Hence, 


< Ce~^ 


1 /\2a — l 




This implies that for any a G (0, ^), n large enough, and for some constants C, Ci > 0, 

( 6 . 10 ) 


Next, we set g(X,^^,) := E^£’^ lj^^JAM,,£^Plvf’£ = X,^^^ 


9,a,\ _ 


. Applying Lemmas 16.1 


and 16.21 and Holder’s inequality with ^ ^ = 1, we obtain that for n large enough, 




0o,(toAo 

yy^tk+i 0 , ct,a 

%) 


K"" = Xtk 


+ E 

i=i 


Ao^' 


E 




/^0,o-,An^., _ -yj) 

tk+1 ' {Jj k,si,---,Sj} 9,(t,X 

%) 


SoiCoAo 
^0) 




dsi ■ ■ ■ ds. 
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< 


c (e ) 





9o,(rci,\o \ 


Jo,k 


^(0) 


6,a,X 

^(0) 


I -v^0,(t,A -y 

1^4 - ^ 


'^k 


J_ 

P2 



eo,cro,Xo \ 

E IrJ , I 

' %) 


I ta6,(t,A _ -Y 

1^4 - 


J_ 

P2 


dsi ■ ■ ■ ds- 


< C E 






1 

PI 


oo 




i=i 




^k 

2 

■n 5 




1 

1 PI 92 


where we have used the finiteness of the sum w.r.t. j, the Holder’s inequality with ^ ^ = 1; 

and chosen pi,qi in order that piqi < 2. This, together with (16.101) . concludes (16.51) . Here 

9o,(to,Xo 9o,ao,Xo 9o,cro,Xo ^oWoTo 

^(0) _ _ ^(0) _/A Y^’^’X yS,o-,X\ ^{j) _ _ ^(j) _/A 

9,ct,X — 9,a,X h e,cr,A ” e,a,X 

9(0) 9(6) 9(,) 9(,)’ 

We next show (16.6p . As for the term multiplying the random variable inside the 

conditional expectation of ^by 1 ^ +1 ^ + 1 ^, using 1 y = 1 — 1 ^ and Jensen’s 

inequality, we have that + Mf’^’p), where 

\Xt, 

z9,a,X 


’ + i ; Sl) • • • ! 'Sjy 


Ml'S ■■ = E 


ly E®/’^ 
Ji,k 


M\ 


9,a,X ^ _ 


1:2,p 


: = E 


ly 

•Ji,k L 


_ Y^e,(T,A_ Y 

“ ^T+1 

1^*6 


Observe that mI’S = ^rro^p + -^i,U2^p’ inhere 


<1AP ^ = E 

<itp ^ = E 


ly E®/’^ 

Jl,k 

ly E®/’^ 

Ji.fc 




Jo,k I lfc+1 


X 


:l>2,fel I/S + I 


'^6,(t,A _ Y 

^tk+1 ~ ^tk+1 




Ix 


---k L ‘'^,2.'=' . -j . -j 

Proceeding as in Lemma l6.II to change the measures, applying Holder’s inequality with X _(_ 
^ = 1, Jensen’s inequality, and Lemma 16.21 where notice that 0 —)• 0O) <7 —)• (Tq as n —>■ oo, we 

rVy~A*i“ 1“ Pk rA T/^ VA rv~t I "v* rvz-^k /-^k’y-k t rv Pk 


yz 

get that for n large enough. 


i,,r9,<j,X (A—Ao)A„ -^0 

^^H,i,o,p - e y 


r^k+i 

/ ^ 

Jtk 


{A,fc,«l} 9,a,X 

9(1) 


9o,cro,Xo 

9(1) .A ^0,a,A Y9,a,X . 


X E' 


10,(7, A 


'Xu 


^ |^yA'0,(7,A _ ^^0,(7,A 

Jo,k ' ^k+1 ^fc+1 


\xlS = Xt, 


ds^ 


L 02 111-'1,1,0,1,p ) , 
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for some constant C > 0. Here, using Bayes’ formula, we get that 


M- 


e,a,\ 


= E 


/ 

Jr 


0,cr,A / 




Jo,k ' ^k+1 
o-AA. 




<7(0^’ (A„,X,„y)e- ^ -aa„ ^ , 

Again we divide the dy integral into the subdomains Ji := {y € M : |y — + ^(1 — 

g- 0 A„)| > ^ay J 2 ;= {y g M ; |y _ f (1 - )| < A"}, whcrc a G (0, i), 

and call each integral and the same way the term was 

treated, using (16.8p . (|6.2p . the equality = e~^~e valid for all x G M, we get that 

for any a G (0, ^), n large enough, and for some constant C > 0, 

Jl 

Next, as for the term using (16.9p . (I6.3p and (16.41) . we get that for n large enough, 


M- 


e,a,\ 


1,1,0,1,2,p A 


< e"^^"AA„ 


’ J 2 


Afj^,y)dy < Ce 3^^" , 


for some constant C > 0. Therefore, we have shown that satisfies (16.101) . 

2 

Proceeding as for the term M^'^'p : we have that M^'^'p ^i'i 2 p — C/S.n ^''^, for all pi > 1, 

yi > 1 withpigi < 2. This concludes p6.6j) . Einally, using Holder’s inequality with ^ + = 1 

^ 2 

and Pi G (1, 2), and P( J> 2 ,fc|A'ij,) < (AA„)^, it is easy to check that < CAH^ , for some 

constant C > 0, which concludes (|6.7p . Thus, the result follows. 


□ 


6.3. Change of measures. The following technical lemma is used several times in Lemmas 
14.61 and 14.91 


Lemma 6.7. For all k G {0,..., n — 1}, 


E 


E' 


0n,cro,A(l’) 




^fc+1 


X{i) \^9n,(7Q,\{^) _ 


^k I ^k + 1 


= X, 


tk + l 


X-, 


^k 


Iw 


VnAr. 


:A„,. 


Proof. Using Girsanov’s theorem in Lemma f3.2l the independence between and 


9n,A(fr9o,Ao,^o ^ ^ud the fact that = --^A„, we obtain that 


?A(£) 


-A(£)i 


iw 


dQ 


E 


E 


9n,a-o,\{i) 




tk + 1 


A(i),6lg,Ag,<Tg 


tk I ^fe + l 




^fc+1 

dp 




^k 


^qOti ,X{i) ,9 q ,XQ,ao 


X, 


^k 


= E 




EgSra,A(^),Sg,Ag,iTg 


dP 


) A(£) ,^0 5 Aq ,(J0 




^k 


£w 


VnAr, 


-.Ar 


since the second expectation is equal to 1. Thus, the result follows. 


□ 
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